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ABELIAN YANG-MILLS THEORY ON REAL TORI AND THETA
DIVISORS OF KLEIN SURFACES
CHRISTIAN OKONEK & ANDREI TELEMAN
Abstract. The purpose of this paper is to compute determinant index bun-
dles of certain families of Real Dirac type operators on Klein surfaces as el-
ements in the corresponding Grothendieck group of Real line bundles in the
sense of Atiyah. On a Klein surface these determinant index bundles have a
natural holomorphic description as theta line bundles. In particular we com-
pute the first Stiefel-Whitney classes of the corresponding fixed point bundles
on the real part of the Picard torus. The computation of these classes is impor-
tant, because they control to a large extent the orientability of certain moduli
spaces in Real gauge theory and Real algebraic geometry.
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0. Introduction
This paper is the first in a series in which we will develop a mathematical gauge
theory in low dimensions in the presence of a Real structure in the sense of Atiyah
The second author has been partially supported by the ANR project MNGNK, decision Nr.
ANR-10-BLAN-0118.
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[2]. In dimension 2 this will lead to a theory of gauged linear σ-models defined on
Klein surfaces with values in symplectic quotients endowed with Real structures.
In dimension 4 this will yield a Real version of Seiberg-Witten theory, which should
have applications to the classification of Real algebraic surfaces.
It is well-known that one of the main issues in connection with Real structures
is the orientability problem. In gauge theory orientability of moduli spaces is con-
trolled by a numerical index and a determinant index bundle associated with a
family of Dirac type operators. These determinant index bundles come with a nat-
ural Real structure in the sense of Atiyah, and the main problem is to determine
their equivalence classes as elements in the Grothendieck group which classifies
these Real bundles. In the present paper we will concentrate on the 2-dimensional
case. In this situation the relevant determinant index bundles can be identified
with certain natural theta line bundles of Klein surfaces.
Recall that a Klein surface is a pair (C, ι) consisting of a closed Riemann surface
C and an anti-holomorphic involution ι : C → C. The topological type of a
Klein surface is determined by the triple (g, r, a), where g is the genus of C, r the
number of connected components of the fixed point locus Cι, and a is the orientation
obstruction of the ι-quotient, i.e., a(C, ι) = 0 when C/〈ι〉 is orientable and a(C, ι) =
1 when not. The Real structure ι induces a Real structure ιˆ : Pic(C)→ Pic(C) on
the Picard group, given by ιˆ([L]) := [ι∗L¯]. The geometric theta divisor
Θ := {[L] ∈ Picg−1(C)| h0(L) > 0}
is ιˆ-invariant and therefore defines a natural Real holomorphic line bundle L :=
OPicg−1(C)(Θ) on Picg−1(C). There are two important families of Real holomorphic
line bundles which one gets by translating Θ to Pic0(C): One can either choose a
Real theta characteristic [κ] ∈ Picg−1(C) and put
Lκ := OPic0(C)(Θ− [κ]) ,
or, when Cι 6= ∅, one can choose a point p0 ∈ Cι and define
Lp0 := OPic0(C)(Θ− [OC((g − 1)p0)]) .
Both of these types of theta line bundles are determinant index bundles of families
of perturbed Dirac operators associated with Spin- or Spinc-structures. The un-
derlying smooth Real line bundles (Lκ, ι˜Lκ) and (Lp0 , ι˜Lp0 ) define elements in the
Grothendieck cohomology group [11] H1
Z2
(Pic0(C), S1(1)) ≃ H2
Z2
(Pic0(C),Z(1))
classifying Real line bundles on the Real torus (Pic0(C), ιˆ).
The cohomology group H1
Z2
(Pic0(C), S1(1)) comes with two natural morphisms:
c : H1Z2(Pic
0(C), S1(1))→ H2(Pic0(C),Z) ,
w : H1Z2(Pic
0(C), S1(1))→ H1(Pic0(C)ιˆ,Z2) ,
defined by c([L, ι˜]) := c1(L), w([L, ι˜]) := w1(L
ι˜).
Whereas the first Chern classes c1(Lκ) and c1(Lp0) are well known, and can be
calculated by the Atiyah-Singer index theorem for families, there is no analogous
index theorem which would compute the first Stiefel-Whitney classes of the corre-
sponding fixed point bundles. However, it is precisely these first Stiefel-Whitney
classes w([Lκ, ι˜Lκ ]) and w([Lp0 , ι˜Lp0 ]) which control the orientability of the corre-
sponding moduli spaces.
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Our strategy for computing w([Lκ, ι˜Lκ ]) and w([Lp0 , ι˜Lp0 ]) is to first determine
the Appell-Humbert data of Lκ, then extract w1(Lι˜κκ ) from these data and, in a
third step, compare (Lκ, ι˜Lκ) with (Lp0 , ι˜Lp0 ). The final result is a completely
explicit formula for w1(Lι˜Lκκ ) in terms of w1(κι˜κ), and for w1(Lι˜Lp0p0 ) in terms of the
component of Cι in which p0 lies.
We illustrate the effectiveness of our results by studying the simplest possible
moduli spaces associated with C, i.e., the symmetric powers Sd(C) of the curve
itself. The induced Real structure on the moduli space Sd(C) is the obvious one;
its fixed locus Sd(C)ι of ι-invariant points decomposes as a disjoint union of several
connected components, some of which are orientable, whereas others are not. The
orientability of the different components is controlled by the first Stiefel-Whitney
class of certain Real theta bundles, which can be computed using our explicit for-
mulas alluded to above.
Let us now briefly describe the content of the four sections of the article.
In Section 1 we construct, using gauge theoretical techniques, two families of
Dolbeault operators on a Riemann surface C, and we show that for a Klein surface
(C, ι) with Cι 6= ∅ the corresponding determinant line bundles have natural ιˆ-
Real structures. The obtained ιˆ-Real bundles can be identified with the underlying
differentiable line bundles of Lp0 and Lκ. At the end of the section we describe
an important example of a Real gauged linear sigma model. The corresponding
moduli spaces can be regarded as Uhlenbeck type compactifications of moduli spaces
of sections in projective bundles over Klein surfaces. We also explain how the
orientability of the real part of the corresponding moduli spaces (which are Quot
schemes defined over R) is controlled by the first Stiefel-Whitney classes of certain
real determinant line bundles on Pic0(C)ιˆ. The main problem here is to compute
the relevant determinant line bundles as Real holomorphic line bundles on Pic0(C),
in terms of the geometric theta divisor.
In section 2 we apply Grothendieck’s formalism [11] of equivariant sheaf coho-
mology to identify the set of isomorphism classes of Real line bundles on a Real
topological space (X, ι) with the cohomology group H1
Z2
(X,S1(1)). We obtain a
fundamental short exact sequence for this cohomology group, which will allow us to
compute it explicitly in several important cases, namely for a Klein surface and a
Real torus. The section continues with an interesting general result which identifies
the isomorphism classes of Real line bundles on a compact Real Riemannian man-
ifold (X, ι) with the connected components of the fixed point locus of the induced
involution on the moduli spaces of Yang-Mills connections on X . This result has
a complex geometric version in which the Yang-Mills moduli space is replaced by
the Picard group.
The third section begins with with an important result which describes the
moduli space of Yang-Mills connections on a torus in terms of generalized Appell-
Humbert data. Generalized Appell-Humbert data are linear algebra data which
specify a unique representative in each gauge equivalence class of Yang-Mills con-
nections. These linear algebra data have a differential geometric interpretation as
the curvature and the holonomy along standard loops of the corresponding Yang-
Mills connection. This is relevant for our purposes, because the Stiefel-Whitney
class of a real line bundle can be identified with the holonomy representation of an
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O(1)-connection on it. The main result of the third section is a classification theo-
rem for Real line bundles (L, ι˜) on a Real torus (T, ι), i.e., the explicit computation
of H1
Z2
(T, S1(1)) in terms of characteristic classes. To the best of our knowledge
this is the first explicit computation of such a Grothendieck group in a non-trivial
case. A first step in the proof is a universal difference formula which describes the
jump of the Stiefel-Whitney class of the restrictions of the fixed point line bundle
Lι˜ when one passes from one connected component of T ι to another.
Section 4 concerns Real theta line bundles on complex tori. First we specialize
our description of the abelian Yang-Mills moduli space to the case of a complex
torus. Using the Kobayashi-Hitchin correspondence and our explicit description we
obtain a new proof of the classical Appell-Humbert theorem describing the Picard
group of a complex torus. For our purposes the most important point is that we
get a clear geometric understanding of the complex analytic data intervening in the
canonical factor of automorphy which appear in the Appell-Humbert theorem. This
allows us to compute the holonomy of abelian Hermite-Einstein connections along
all standard loops. The section continues with a subsection in which we compute
the Appell-Humbert data which determine the relevant theta line bundles of Klein
surfaces. First we consider the Spin case, i.e., the symmetric theta line bundles
Lκ, where κ is Real theta characteristic. Using Riemann’s singularity theorem
we show that the Appell-Humbert data describing Lκ are given in terms of the
intersection form of the curve and Mumford’s theta form qκ. Combining this with
our previous results we obtain already an explicit formula for the Stiefel-Whitney
class w([Lκ, ι˜Lκ ]). The problem with this formula is that it involves Mumford’s
theta form, which is an algebraic geometric object. Using results of Atiyah [3],
Johnson [12], Libgober [14], and a new geometric construction we obtain a purely
topological interpretation of the theta form qκ in terms of w1(κ
ι˜κ)1 In a final step
we compare w([Lκ, ι˜Lκ ]) and w([Lp0 , ι˜Lp0 ]) to obtain a corresponding formula in
the Spinc case. These results determine explicitly the elements defined by Lκ and
Lp0 in the Grothendieck group H1Z2(Pic0(C), S1(1)).
We have included an appendix in which we prove a general Z2-localization for-
mula which relates the Stiefel-Whitney numbers of a Real vector bundle (E, ι˜) on a
compact Real manifold (X, ι) to the Stiefel-Whitney classes of the real bundle E ι˜
over Xι and the normal bundle of Xι in X .
1. Families of Dirac operators of Klein surfaces
1.1. Families of Dirac operators on a Riemann surface.
1.1.1. Families of Spinc-Dirac operators. Let C be a compact Riemann surface
of genus g. The spinor bundles of the canonical Spinc-structure τcan on C are
Σ+can = Λ
0, Σ−can = Λ
0,1, and the canonical Dirac operator of C associated with the
canonical Spinc-structure is (up to the factor
√
2) just the Dolbeault operator
∂¯ : A0 −→ A0,1 .
1It has been brought to our attention by the referee, that this result, our Theorem 4.3, – in
the case of effective Real theta characteristics – has been proved before by S. Natanzon. His proof
– using real Fuchsian groups and their liftings – is nicely explained in his book [16]. For the
convenience of the reader we will summarize some of his results in our terminology after Corollary
4.7.
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Using the canonical H2(C,Z)-torsor structure on the set of equivalence classes of
Spinc-structures on C one obtains for any Hermitian line bundle L on C an L-
twisted Spinc-structure τL on C whose spinor bundles are Σ
+
L := Λ
0(L), Σ−L :=
Λ0,1(L). For the construction of a Dirac operator associated with τL one needs a
semi-connection δ on L, and then the corresponding Spinc-Dirac operator will be
δ : A0(L)→ A0,1(L) .
Varying δ in the space A0,1(L) of semi-connections on L one gets a tautological
family of elliptic operators parameterized by A0,1(L).
Let GC := C∞(C,C∗) be the complex gauge group, which acts on A0,1(L) from
the right by (δ, g) 7→ g−1 ◦ δ ◦ g = δ + g−1∂¯g. We are interested in descending this
tautological family to the moduli space
Picd(C) ≃ A0,1(L)/GC
of holomorphic structures on L (here d := deg(L)). The problem here is that the
group GC does not act freely on the affine space A0,1(L), so the trivial line bundles
A0,1(L)×A0(L) , A0,1(L)×A0,1(L)
do not descend to Picd(C) in a natural way. In order to descend these bundles we
choose a base point p0 ∈ C and consider the reduced complex gauge group
GCp0 := {g ∈ GC| g(p0) = 1} .
Since this group acts freely on A0,1(L) we get Fre´chet vector bundles
E
0
p0 := A0,1(L)×GCp0 A
0(L) , E 1p0 := A0,1(L)×GCp0 A
0,1(L)
over A0,1(L)/GC , and a universal family of Dolbeault operators
δLp0 : E
0
p0 → E 1p0
of index d+ 1− g parameterized by Picd(C).
The determinant line bundle det ind δLp0 has been extensively studied in the
literature [19], [6], [7], [8]. This line bundle has a natural holomorphic structure
which can be described as follows. Consider the Poincare´ line bundle
 Lp0 :=
A0,1(L)× L/
GCp0
over Picd(C)× C. Then one has a canonical isomorphism
det ind δLp0 ≃ det(R0q∗( Lp0))⊗
[
det(R1q∗( Lp0)
)
]∨ ,
where q stands for the canonical projection Picd(C)×C → Picd(C) (see [13], [6], [7],
[8]), hence det ind δLp0 has a natural holomorphic structure. Choosing a different
base point p1 yields a new Poincare´ line bundle  Lp1 , and the two Poincare´ line
bundles are related by a formula of the form
 Lp1 =  Lp0 ⊗ q∗(M) ,
where M is topologically trivial holomorphic line bundle on Picd(C). Using the
projection formula for the functors Riq∗ one obtains
det ind δLp1 ≃ det ind δLp0 ⊗M⊗(d+1−g) .
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This shows in particular that det ind δLp0 is independent of the choice of p0 when
d = g − 1; in this case det ind δLp0 has a canonical section whose zero locus is the
geometric theta divisor Θ ⊂ Picg−1(C), hence one has
(1) det ind δLp0 ≃ OPicg−1(C)(Θ) ,
independently of p0.
It is easy to compare to determinant line bundles det ind δLp0 , det ind δ
L′
p0 associ-
ated with differentiable line bundles L, L′ of degrees d, d′. Let P0 the underlying
differentiable line bundle of OC(p0), and choose L := L′ ⊗ P k0 , where k = d − d′.
For L′ we have a Poincare´ line bundle
 L′p0 :=
A0,1(L′)× L′/
GCp0
.
We denote by δp0 the semi-connection on P0 defining the holomorphic structure of
OC(p0), and we define the isomorphism
ϕp0 : Pic
d′(C)→ Picd(C)
by ϕp0([δ
′]) := [δ′ ⊗ δ⊗kp0 ]. One can easily check that
[ϕp0 × idC ]∗( Lp0) ≃  L′p0 ⊗ p∗(OC(kp0)) ,
where p : Picd(C)× C → C denotes the canonical projection. Note that
p∗(OC(kp0)) ≃ OPicd(C)×C(kΣp0) ,
where Σp0 := Pic
d(C) × {p0}. When k ≥ 0 we tensor the short exact sequence
0 −→ OPicd(C)×C −→ OPicd(C)×C(kΣp0) −→ OkΣp0 (kΣp0) −→ 0
with  L′p0 and we write the corresponding long exact sequence:
0→ R0q∗( L′p0)→ R0q∗([ϕp0 × idC ]∗  Lp0)→ Picd(C)×Okp0 →
→ R1q∗( L′p0)→ R1q∗([ϕp0 × idC ]∗  Lp0)→ 0 .
For a holomorphic line bundleM of degree m on C and a fixed s ∈ Z, we denote
by τM the translation by [M] i.e., the isomorphism Pics(C)→ Pics+m(C) defined
by tensorizing withM. It D is a divisor on Pics+d(C) we put D+[M∨] := τ−1M (D).
Then one has
τ∗M(OPics+d(C)(D)) = OPics(C)(D + [M∨]) ,
and the isomorphism ϕp0 : Pic
d′(C) → Picd(C) introduced above is a translation
τM defined by a suitable line bundle M.
Lemma 1.1. Let L be a differentiable line bundle of degree d on C, and p0 a base
point. One has
det ind δLp0 ≃ OPicd(C)(Θ + [OC((d − g + 1)p0)]) .
Proof. Using the functoriality of the functor det and the exact sequence above we
get
ϕ∗p0(det ind δ
L
p0) ≃ det ind δL
′
p0 .
In the special case d′ = g − 1 this yields
ϕ∗p0(det ind δ
L
p0) ≃ OPicg−1(C)(Θ) .
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If we denote by Θ+ [OC((d− g+1)p0)] the translate of the geometric theta divisor
Θ ⊂ Picg−1(C) by the point [OC((d − g + 1)p0)] ∈ Pic(C), the last isomorphism
can be rewritten as det ind δLp0 ≃ OPicd(C)(Θ + [OC((d − g + 1)p0)]).
In order to understand the line bundle det ind δLp0 explicitly, we shall identify
Picd(C) with the torus Pic0(C) (which has an explicit description as the quotient
H1(C,O)/H1(C,Z)) using the isomorphism ⊗OC(dp0) : Pic0(C) → Picd(C). We
get
Lemma 1.2. Via the identification τOC(dp0) : Pic
0(C) → Picd(C) the line bundle
det ind δLp0 on Pic
d(C) corresponds to the line bundle OPic0(C)(Θ− [OC((g−1)p0)])
on Pic0(C).
In these constructions we considered families of Spinc-Dirac operators obtained
by coupling the canonical Spinc-Dirac operator with holomorphic line bundles.
1.1.2. Families of Dirac operators associated with theta characteristics. A different
point of view begins with the Dirac operator associated with a fixed Spin-structure
on C. A Riemann surface of genus g has 22g equivalence classes of Spin-structures;
these classes correspond bijectively to isomorphism classes of theta characteristics,
i.e., to square roots κ of the canonical line bundle KC [3].
The spinor bundles corresponding to a theta characteristic κ are
S+ = κ , S− = Λ0,1(κ) ≃ κ∨ ,
and the corresponding Dirac operator is (up to the factor
√
2) just the Dolbeault
operator ∂¯κ : A
0(κ) → A0,1(κ). A second natural way to construct a family of
Dirac operators is to consider perturbations of this Spin-Dirac operator by flat line
bundles.
Associated with any form η ∈ A0,1 we have a perturbed Dirac operator
∂¯κ + η : A
0(κ)→ A0,1(κ) .
Factorizing again by the reduced gauge group GCp0 , we obtain Fre´chet bundles
F
0
p0 := A
0,1 ×GCp0 A
0(κ) , F 1p0 := A
0,1 ×GCp0 A
0,1(κ)
over the quotient
A0,1/
GCp0
≃ A0,1/{g−1∂¯g| g ∈ GC} ≃ Pic0(C) ,
and a family of operators
∂¯κ,p0 : F
0
p0 → F 1p0
parameterized by Pic0(C). Note that the family ∂¯κ,p0 is just the pull-back of the
family δLp0 : E
0
p0 → E 1p0 via the isomorphism [L0] → [L0 ⊗ κ], where L is the
underlying differentiable line bundle of κ. This proves
Lemma 1.3. Let κ be a theta characteristic on C, p0 a base point. One has
det index ∂¯κ,p0 ≃ OPic0(C)(Θ − [κ]) .
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1.2. Real determinant line bundles and theta bundles of Klein surfaces.
Let (C, ι) be a Klein surface with Cι 6= ∅. The Real structure ι induces a natural
Real structure ιˆ on Pic(C) mapping [L] to [ι∗(L¯)], which preserves each component
Picd(C).
The involution ιˆ can be constructed with gauge theoretical methods in the follow-
ing way. Fix a ι-Real [2] line bundle (L, ι˜) of degree d (one can take for instance the
underlying differentiable line bundle of the line bundle associated with a ι-invariant
divisor of degree d). By definition this means that ι˜ is a differentiable fiberwise
antilinear involution of L lifting ι. This involution induces anti-linear involutions
ι˜∗ on the spaces of L-valued forms A0,q(L) acting by
ι˜∗(σ)(x) := ι˜(σ(ι(x))) , ι˜∗(α ⊗ σ) := ι∗(α)⊗ ι˜∗(σ) ∀α ∈ A0,q(L) ∀σ ∈ Γ(L) .
For a semi-connection δ ∈ A0,1(L) put ι˜∗(δ) := ι˜∗ ◦ δ ◦ ι˜∗. Using the identity
ι˜∗(δ · g) = ι˜∗(δ) · ι∗(g)
we see that the map δ 7→ ι˜∗(δ) induces an involution A0,1(L)/GC → A0,1(L)/GC.
Via the identification A0,1(L)/GC = Picd(C) this involution coincides with ιˆ, so it
is independent of the choice of the ι-Real structure ι˜ on L. Taking p0 ∈ Cι we see
that the map g 7→ ι∗(g) leaves the subgroup GCp0 ⊂ GC invariant, and the product
map
ι˜∗ × ι˜ : A0,1(L)× L −→ A0,1(L)× L
induces an anti-holomorphic (ιˆ× ι)-Real structure on the Poincare´ line bundle  Lp0
over Picd(C)×C. Regarding ιˆ× ι as a biholomorphism Picd(C)×C → Picd(C)×C
and using the functoriality of det(R0(·))⊗ [det(R1(·))]∨ with respect to biholomor-
phic base-change, we obtain
Remark 1.4. Choosing p0 ∈ Cι we get a ιˆ-Real structure on the determinant line
bundle det index δLp0 which is anti-holomorphic with respect to its natural holomor-
phic structure.
This Real structure can be explicitly described fiberwise using the fiber iden-
tifications det index δLp0([δ]) = ∧maxH0(Lδ) ⊗ ∧maxH1(Lδ)∨: it is induced by the
anti-linear isomorphisms
H0(Lδ)→ H0(Lι˜∗(δ)) , H1(Lδ)→ H1(Lι˜∗(δ))
given by the operators ι˜∗ on the spaces A0(L) and A0,1(L). Here we denoted by Lδ
the holomorphic line bundle defined by the semi-connection δ ∈ A0,1(L).
Note that the geometric theta divisor Θ is invariant under ιˆ, so thatOPicg−1(C)(Θ)
has an obvious anti-holomorphic ιˆ-Real structure. The same holds for the line bun-
dle OPic0(C)(Θ− [OC((g−1)p0)]) on Pic0(C) when p0 ∈ Cι. It is easy to see that, in
general, two anti-holomorphic Real structures on the same holomorphic line bun-
dle are congruent modulo S1. Together with Remark 1.4 it follows that the Real
structure constructed on det index δLp0 with the help of a Real structure ι˜ on L, is
independent of ι˜ up to a multiplicative constant in S1. Using the isomorphism (1)
and Lemma 1.2 we obtain
Remark 1.5. For p0 ∈ Cι we have isomorphisms of ιˆ-Real line bundles{
τOC((d+1−g)p0)
}∗
(det ind δLp0) ≃ OPicg−1(C)(Θ) ,{
τOC(dp0)
}∗
(det ind δLp0) ≃ OPic0(C)(Θ− [OC((g − 1)p0)]).
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Fix now a ι-Real theta-characteristic (κ, ι˜κ), i.e., a square root κ of KC endowed
with an anti-holomorphic ι-Real structure ι˜κ. We will see (see Proposition 2.12)
that the set of isomorphism classes of such pairs (κ, ι˜κ) corresponds bijectively to
the finite subset of Picg−1(C) consisting of ιˆ-invariant square roots of [KC ].
Remark 1.6. Choosing p0 ∈ Cι, and a ι-Real theta-characteristic (κ, ι˜κ) we get a
ιˆ-Real structure on the determinant line bundle det index ∂¯κ,p0 and an isomorphism
det index ∂¯κ,p0 ≃ OPic0(C)(Θ− [κ])
of ιˆ-Real line bundles on Pic0(C).
As we explained in the introduction, our first goal is to identify the underlying
differentiable line bundles of the ιˆ-Real determinant line bundles{
τOC(dp0)
}∗
(det ind δLp0) ≃ OPic0(C)(Θ− [OC((g − 1)p0)])
det index ∂¯κ,p0 ≃ OPic0(C)(Θ− [κ])
on (Pic0(C), ιˆ) as elements in the cohomology group H1
Z2
(Pic0(C), S1(1)), and in
particular to compute the Stiefel-Whitney class of the associated fixed point bundles
over Pic0(C)ιˆ. Note that Pic0(C)ιˆ is a disjoint union of a finite family of real sub-
tori of Pic0(C) parameterized by the quotient H1(C,Z)ι
∗
/(id + ι∗)H1(C,Z) (see
section 2.2).
1.3. Real gauged linear sigma models. The goal of this section is to describe
briefly an example of the Real version of the theory of gauge theoretical Gromov-
Witten invariants [18], which can be considered as generalizations of Witten’s
gauged linear sigma models.
We start by fixing topological data (Σ,M,E0), where Σ is a closed, connected,
oriented 2-manifold, M a Hermitian line bundle on Σ, and E0 a Hermitian vector
bundle of rank r0 on Σ. The corresponding configuration space is
A(M,E0) := A(M)×A0(Hom(M,E0)) ,
where A(M) denotes the space of Hermitian connections on M . The gauge group
G := C∞(Σ, S1) acts on A(M,E0) by (A,ϕ)g = (g∗(A), ϕ ◦ g). We denote by
B(M,E0) the quotient A(M,E0)/G. Now we choose continuous parameters (g,A0),
where g is Riemannian metric on Σ, and A0 a Hermitian connection on E0. The
(0, 1)-component ∂¯A0 of dA0 defines a holomorphic structure E0 on E0. Note that
g together with the fixed orientation of Σ defines a complex structure J on Σ.
We denote by C the corresponding Riemann surface. The vortex type equation
associated with the continuous parameters (g,A0, t) is{
∂¯A,A0ϕ = 0
iΛgFA − 12ϕ∗ ◦ ϕ = −tidL .
(Vt)
These are G-equivariant equations for a pair (A,ϕ) ∈ A(M,E0).
Denote by Mt(M,E0, A0) the moduli space of gauge equivalence classes of so-
lutions, and by M∗t (M,E0, A0) the open subspace of irreducible solutions. Let
QuotME0 be the Quot space of quotients of E0 with kernel of topological type M .
This Quot space has the structure of a complex projective variety.
One of the main results from [18] is
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Theorem 1.7. When t 6= − 2piVolg(Σ)deg(M), one hasMt(M,E0, A0) =M∗t (M,E0, A0)
and there is a natural isomorphism
Mt(M,E0, A0) I−→
{
∅ if t < − 2piVolg(Σ)deg(M)
QuotME0 if t > − 2piVolg(Σ)deg(M) .
Now fix a Real structure on the pair (C,E0) and suppose that our continuous
parameters (g,A0) are also Real. More precisely, we fix a real structure ι on C
and a ι-Real structure ι˜0 on E0. We require that g is ι-invariant and A0 is a Real
Hermitian connection (i.e., the horizontal distribution of A0 is invariant under the
diffeomorphism induced by ι˜0 on the principal U(r0)-bundle PE0 of E0.) Then (C, ι)
is a Klein surface, and (E0, ι˜0) becomes a Real holomorphic bundle on (C, ι). There-
fore the Quot space QuotME0 inherits the structure of a projective variety defined
over R.
Theorem 1.8. Let (C, ι) be a Klein surface endowed with an ι-invariant Riemann-
ian metric g, (E0, ι˜0) a Real Hermitian vector bundle of rank r0, andM a Hermitian
line bundle on C. Fix be a Real Hermitian connection A0 on E0. Then ι induces
an involution
ιˆ : B(M,E0)→ B(M,E0)
leaving the moduli space Mt(M,E0, A0) invariant. For t > − 2piVolg(Σ)deg(M), the
isomorphism I : Mt(M,E0, A0) → QuotME0 is an isomorphism of Real complex
spaces. The fixed point locus Mt(M,E0, A0)ιˆ can therefore be identified with the
subspace of real points of the projective variety QuotME0 .
Proof. The involution ιˆ : B(M,E0)→ B(M,E0) is constructed in the following way.
Since line bundles on a Riemann surface are classified by their first Chern class and
one obviously has
ι∗(c1(M)) = −c1(L) = c1(M¯)) ,
there exists an isomorphism ι∗(M) ≃ M¯ , i.e., there exists a ι-covering anti-linear
bundle isomorphism f :M →M . We put
f∗(A,ϕ) := (f∗(A), ι˜0 ◦ ϕ ◦ f) ,
where f∗(A) is the direct image of the connection A under the ι-covering bundle
isomorphism PM → PM of type − : U(1) → U(1) defined by f−1. Since f ◦ f ∈ G
and
f∗(f∗(A,ϕ)) = ((f ◦ f)∗A,ϕ ◦ (f ◦ f)) ,
f∗ induces an involution ιˆ : B(M,E0)→ B(M,E0). This involution ιˆ depends only
on ι and not on the choice of f , because f is well defined up to right composition
with a gauge transformation. Since the second equation of (Vt) is invariant and
the first equation is equivariant with respect to f∗ : A(M,E0) → A(M,E0), ιˆ
leaves the moduli space Mt(M,E0, A0) invariant as claimed. Suppose now that
t > − 2piVolg(Σ)deg(M). The involution c : QuotME0 → QuotME0 which defines the
natural real structure of this Quot space, is given as follows: The locally free OC -
sheaf (associated with) E0 is naturally a Z2-sheaf (in the sense of [11]) on the Klein
surface (C, ι) via the formula
i0(s) := ι˜0 ◦ s ◦ ι
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for any open set U ⊂ C and any holomorphic section s ∈ Γ(U, E0). Then, for a
coherent subsheaf K ⊂ E0 we have
c
([
E0 → E0
/
K
])
=
[
E0 → E0
/
i0(K)
]
.
On the other hand, by the definition of I, the quotient associated with a vortex
(A,ϕ) is the quotient [E0 → E0/ϕ(MA)], whereMA is the rank 1 locally free sheaf
associated with the holomorphic structure defined by ∂¯A on M . It suffices to note
that
(ι˜0 ◦ ϕ ◦ f)(Mf∗(A)) = i0(ϕ(MA)) .
We will need a generalization of Lemmata 1.1, 1.2 (and of their Real analogon
Remark 1.5) for the determinant line bundle
det ind δL,E0p0 ≃ det(R0q∗( Lp0 ⊗ p∗(E0))) ⊗
[
det(R1q∗( Lp0 ⊗ p∗(E0))
)
]∨
on Picd(C), where  Lp0 is the Poincare´ line bundle associated with a differentiable
line bundle L of degree d on C and a point p0 ∈ C, and E0 is a holomorphic vector
bundle of rank r0 and degree e0 on C. The maps p, q are the projections
p : Picd(C) × C → C , q : Picd(C)× C → Picd(C) .
When r0 = 1, one can use Lemma 1.1 and the functoriality of the determinant line
bundle with respect to isomorphic base changes to see that there exists a canonical
isomorphism
det ind δL,E0p0 = τ
∗
E0(det ind δ
L⊗E0
p0 ) ≃
OPicd(C)(Θ + [OC((d− g + 1)p0)⊗ E∨0 ⊗OC(e0p0)]) .
For the general situation we have
Proposition 1.9. On has canonical isomorphisms
det ind δL,E0p0 = OPicd(C)(Θ + [OC((d + 1− g)p0)])⊗(r0−1)⊗
OPicd(C)(Θ + [OC((d+ 1− g)p0)⊗ (det E0)∨ ⊗OC(e0p0)]) .
When p0 ∈ Cι and E0 is a Real holomorphic bundle, then this canonical isomor-
phism is an isomorphism of Real holomorphic line bundles.
Proof. The statement has been proved for r0 = 1. If r0 > 0 we proceed by induction
with respect to r0. The bundle E0 fits into a short exact sequence of vector bundles
0→ K0 → E0 → F0 → 0 ,
with K0 of rank 1. Hence one has
det ind δL,E0p0 = det ind δ
L,K0
p0 ⊗ det ind δL,F0p0 .
Using the holomorphic line bundles
L = OPicg−1(Θ), P := OC((g − 1− d)p0),
V := K0 ⊗OC(−k0p0), W := (detF0)⊗OC(−f0p0)
with k0 := deg(K0), f0 := deg(F0), we can write
det ind δL,E0p0 = τ
∗
P⊗V(L) ⊗ τ∗P(L)⊗(r0−2) ⊗ τ∗P⊗W(L) .
It suffices to note that V ⊗W = (det E0)⊗OC(−e0p0) and that
τ∗P⊗V(L)⊗ τ∗P⊗W(L) = τ∗P(τ∗V (L)⊗ τ∗W(L)) = τ∗P(τV⊗W(L)) ⊗ τ∗P(L) .
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The last equality follows from the theorem of the square (see Theorem 2.3.3 [5]).
The arguments generalize easily to the Real case.
Remark 1.10. In the special case det E0 = OC(e0p0) one obtains canonical iso-
morphism
det ind δL,E0p0 = OPicd(C)(Θ + [OC((d+ 1− g)p0)])⊗r0 ,
τ∗OC(dp0)(det ind δ
L,E0
p0 ) = OPic0(C)(Θ + [OC((1 − g)p0)])⊗r0 ,
which are isomorphisms of Real holomorphic line bundles when (E0, ι˜0) is a Real
holomorphic vector bundle and p0 ∈ Cι.
Let QuotME0 (R) := {QuotME0}c be the subspace of real points in the Quot space
QuotME0 . Put L := M∨, d := deg(L). We will study the orientability of the com-
ponents of QuotME0(R) and we will show that, at least for sufficiently large d, this
problem can be reduced to the computation of the first Stiefel-Whitney class of the
real line bundle associated with the Real holomorphic line bundle det ind δL,E0p0 on
Picd(C), or equivalently its translate τ∗OC(dp0)(det ind δ
L,E0
p0 ) on Pic
0(C).
The Quot space QuotME0 can be regarded as a projective fibration over Picd(C)
via the map π : QuotME0 → Picd(C) defined by
π([q : E0 → Q]) := ker(q)∨ .
Via the identification I : Mt(M,E0, A0) → QuotME0 the map π is simply given by
π([A,ϕ]) := [M∨
∂¯A
]. The fiber over a point [L] ∈ Picd(C) is the projective space
P(H0(L ⊗ E0)). Suppose now that
(2) d > max(−µ(E0) + 2(g − 1), µmax(E0)(r0 − 1)− µ(E0)r0 + 2(g − 1)) ,
where
µmax(E0) := sup{µ(F)| F ⊂ E0 a nontrivial subsheaf} .
Then h1(L⊗E0) = 0 and h0(L⊗E0) = (e0+ r0d)+ r0(1− g) for every holomorphic
line bundle L of degree d (see [4]).
Fixing a Real structure on L (or equivalently on M) we obtain an induced Real
structure on the Poincare´ line bundle  Lp0 , hence  Lp0⊗p∗(E0) and R0q∗( Lp0⊗p∗(E0))
become Real holomorphic bundles on Picd(C)× C and Picd(C) respectively.
We identify QuotME0 with the projectivization P(E0) of the holomorphic bundle
E0 on Pic
d(C) which is associated with the locally free sheaf R0q∗( Lp0 ⊗ p∗(E0)).
It is easy to see that the involution c : QuotME0 → QuotME0 is induced by the Real
structure i0 of E0. The fixed point bundle F0 := E
i0
0 is a real vector bundle of
rank (e0 + r0d) + r0(1 − g) over Picd(C)ιˆ, and one obtains a natural identification
QuotME0(R) ≃ PR(F0). The relative Euler sequence associated with the projective
fiber bundle q0 : PR(F0)→ Picd(C)ιˆ reads
0→ PR(F0)× R→ q∗0(F0)(λ∨)→ Tq0 → 0 .
Here Tq0 ⊂ TPR(F0) stands for the vertical tangent bundle of q0, and λ denotes the
tautological line bundle on PR(F0). Note that all connected components of Pic
d(C)ιˆ
are tori, hence they are orientable. Therefore
w1(TPR(F0)) = w1(Tq0) = w1(q
∗
0(F0)(λ
∨)) =
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(3) = q∗0(w1(F0)) + ((e0 + r0d) + r0(1− g))w1(λ∨) .
Note that w1(λ
∨) 6∈ q∗0(H1(Pic−d(C)ιˆ,Z2)) for (e0 + r0d) + r0(1 − g) > 1.
On the other hand
w1(F0) = w1(∧d+1−g(F0)) = w1((det ind δL,E0p0 )
˜ˆι) ,
where ˜ˆι denotes the canonical ιˆ-Real structure on the determinant line bundle
det ind δL,E0p0 , given by Remark 1.4. Using formula (1.3) we obtain:
Proposition 1.11. Let (C, ι) be a Klein surface, (E0, ι˜0) a Real holomorphic vector
bundle of rank r0 on C, p0 ∈ Cι a fixed point of ι, and suppose d ∈ Z satisfies
d > −µ(E0) + (g − 1) + 1r0 and (2). Regard QuotME0(R) as a real projective bundle
over Picd(C)ιˆ via π. Let T ⊂ Picd(C)ιˆ be a connected component of Picd(C)ιˆ and
{QuotME0(R)}T the corresponding component of QuotME0(R). Then {QuotME0(R)}T is
orientable if and only if (e0 + r0d) + r0(1− g) is even and
w1
(
(det ind δL,E0p0 )
˜ˆι
T
)
= 0 .
Note that the last condition depends effectively on the component T (see Propo-
sition 3.9, section 3.2).
Suppose for simplicity that det(E0) ≃ OC(e0p0) as Real holomorphic line bun-
dles. In this case, using the Remarks 1.5, 1.10 the computation of the Stiefel-
Whitney class w1
(
(det ind δL,E0p0 )
˜ˆι
T
)
can be reduced to computing the Stiefel-
Whitney class of the real bundle associated with OPic0(C) (Θ− [OC((g − 1)p0)]) on
the real torus τ∗OC(dp0)(T ) ⊂ Pic0(C)ιˆ.
This gives a clear geometric motivation for the computation of the first Stiefel-
Whitney class w1
(
OPic0(C) (Θ − [OC((g − 1)p0)])
˜ˆι
)
. We will come back to this
orientability problem in section 4.3 (see Proposition 4.16).
Remark 1.12. In the special case when E0 = OC , the Quot space QuotL∨E0 can be
identified with the d-th symmetric power Sd(C) as a Real space.
2. Real Hermitian line bundles
2.1. Grothendieck’s formalism. Let X be a paracompact space endowed with
an involution ι. Regard X as a Z2-space, and denote by S
1 (respectively S1(1))
the Z2-sheaf on X of S
1-valued smooth functions, with the Z2-action defined by
composition with ι (respectively by composition with ι and conjugation).
We recall from [11] the following classification theorem for equivariant principal
bundles.
Proposition 2.1. Let (X, γ), γ : Γ × X → X be a paracompact Γ-space, where
Γ is a finite group, and let G be a Lie group endowed with a group morphism
α : Γ→ Aut(G). Then there is a canonical bijection
{Iso classes of α-equivariant principal G-bundles} ≃ H1Γ(X ;G(α)) ,
where G(α) stands for the Γ-sheaf of continuous G-valued maps on X with Γ-action
defined via α.
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Remark 2.2. When X is a differentiable manifold one obtains a similar result
replacing the Γ-sheaf of continuous G-valued maps by the Γ-sheaf of smooth G-
valued maps on X. Moreover the cohomology sets associated with the two sheaves
can be identified as in the non-equivariant case.
This can be seen be comparing the standard spectral sequences associated with
the two sheaves at the E2-level.
For any Abelian group A one has two obvious Z2-actions on A: the trivial action
α0 and the inversion action α1. We agree to write (0) and (1) for the twistings by
α0 and α1, and we agree to omit (0). Let
− be the conjugation action of Z2 on C
and C∗.
Remark 2.3. Let (X, ι) be a space with involution. The set of isomorphism classes
of ι-Real line bundles on X can be identified with the set of isomorphism classes of
Hermitian ι-Real line bundles on X. More precisely the monomorphism S1(1) =
S1(−)→ C∗(−) induces isomorphism in positive cohomology.
Indeed, it suffices to see that Hk
Z2
(X,R) = 0 for any k > 0 (using again the
standard spectral sequence associated with this sheaf).
In particular, we obtain an identification
{[L, ι˜] (L, ι˜) Real line bundle over (X, ι)} = H1Z2(X,S1(1)) .
Denote by G(1) the Z2-module structure on the gauge group G defined by the
involution g 7→ ι∗(g¯). Using the standard spectral exact sequence associated with
the Z2-sheaf S
1(1) one obtains an exact sequence
H1Z2(H
0(X,S1(1))) −→ H1Z2(X,S1(1)) −→ H0Z2(H1(X,S1(1))) =
(4) = H0Z2(H
2(X,Z)(1))
d2−−→ H2Z2(H0(X,S1(1))) .
The Z2-module H
0(X,S1(1)) in the first and in the last term above is just the
gauge group G regarded as a Z2-module via the involution g 7→ ι∗(g¯)). We use the
notation G for the Z2-module structure defined by the involution g 7→ ι∗(g) (not
the trivial Z2-module structure!). The first cohomology group H
1
Z2
(G(1)) of G(1)
fits into the short exact sequence of Z2-modules
0 −→ G(1)Z2 −→ G Σ−→ GZ2 −→ H1Z2(G(1)) −→ 0 ,
where Σ : G → GZ2 is the morphism g 7→ gι∗(g). This proves the following
Proposition 2.4. One has an exact sequence
1→ G(1)Z2 → G Σ−→ GZ2 λ−→ H1Z2(X,S1(1))
c1→ H2(X,Z)(1)Z2 O→ H2Z2(G(1)),
where
(1) The morphism Σ is given by Σ(g) := g(ι∗g),
(2) ker(c1) =
GZ2/
Σ(G) = H1Z2(G(1)),
(3) H2(X,Z)(1)Z2 = {x ∈ H2(M,Z)| ι∗(x) = −x}.
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To compute H1
Z2
(G(1)) we use the short exact sequence of Z2-modules
(5) 0 −→ G0(1) −→ G(1) −→ H1(X,Z)(1) −→ 0 ,
where G0 = C∞(X,R)/Z is the connected component of the identity in G. This
connected component fits into the short exact sequence
(6) 0 −→ Z(1) −→ C∞(X,R)(1) −→ G0(1) −→ 0 .
One has Hk
Z2
(C∞(X,R)(1)) = 0 for all k ≥ 1. Therefore
H2k−1
Z2
(G0(1)) = H2kZ2 (Z(1)) = 0 , H2kZ2 (G0(1)) = H2k+1Z2 (Z(1)) = Z2 , ∀k ≥ 1 .
We get an exact sequence
0→ H1Z2(G(1))→ H1Z2(H1(X,Z)(1))→ H2Z2(G0(1))→ H2Z2(G(1))→
→ H2Z2(H1(X,Z)(1))→ 0 .
When Xι 6= ∅, we choose x0 ∈ Xι and we notice that the composition of the
maps
S1(1) −→ G0(1) −→ G(1) evx0−−−→ S1(1)
is the identity, and that the first map S1(1) −→ G0(1) induces an isomorphism in
cohomology groups of strictly positive degree. This is so since S1(1) fits into the
short exact sequence 1→ Z(1)→ R(1)→ S1(1)→ 1, which can be easily compared
to (6). Therefore the morphism H2
Z2
(G0(1))→ H2Z2(G(1)) is injective, and we get
Remark 2.5. When Xι 6= ∅, the natural map
H1Z2(G(1)) −→ H1Z2(H1(X,Z)(1))
is an isomorphism, and one has the short exact sequence
0→ H2Z2(G0(1)) ≃ Z2
j−→ H2Z2(G(1))
q−→ H2Z2(H1(X,Z)(1)) −→ 0 .
The generator of
H2Z2(G0(1)) = G0(1)
Z2/
{gι∗(g¯)| g ∈ G0}
is the class modulo {gι∗(g¯)| g ∈ G0} of the constant gauge transformation −1 ∈ S1.
Lemma 2.6. Suppose Xι 6= ∅. The edge morphism
d2 : H
0
Z2
(H2(X,Z)(1)) = H2(X,Z)(1)Z2 −→ H2Z2(G(1))
has the property ker(d2) = ker(q ◦ d2).
Proof. Indeed, if c ∈ H2(X,Z)(1)Z2 belongs to ker(q ◦ d2), then we get d2(c) ∈
j(H2
Z2
(G0(1))). It suffices to notice that d2(c) can never coincide with the class [−1]
modulo {gι∗(g¯)| g ∈ G0}. This can be seen as follows:
The morphism d2 : H
2(X,Z)(1)Z2 → H2
Z2
(G(1)) can be geometrically interpreted
as follows: consider a Hermitian line bundle L on X with Chern class c1(L) = c ∈
H2(X,Z)(1)Z2 . Since ι∗(c) = −c, it follows that ι∗(L) ≃ L¯, so there exists an
anti-linear isometry σ : L→ ι∗(L). We get a smoothly varying family of anti-linear
isometries σx : Lx → Lι(x). The composition φx = σιx ◦ σx : Lx → Lx is C-linear,
so it can be regarded as an element in S1, depending smoothly on x ∈ X . It is
easy to see that ι∗(φ) = φ¯. The element d2(c) is just the class [φ] modulo the
subgroup {gι∗(g¯)| g ∈ G0}. We have to show that [φ] 6= [−1]. Choose x0 ∈ Xι and
a unitary identification Lx0 ≃ C. The anti-linear isometry σx0 acts as σx0(l) = ζl¯,
for a constant ζ ∈ S1. Therefore φx0 = ζζ¯ = 1. If [φ] = [−1], one would have
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φx0 = −ψx0ψ¯x0 = −1 for a smooth S1-valued function ψ, which yields obviously a
contradiction.
Using Proposition 2.4 and Remark 2.5 we obtain:
Corollary 2.7. Suppose Xι 6= ∅. There exists an exact sequence
0→ H1Z2(H1(X,Z)(1))→ H1Z2(X,S1(1))
c1−−→ H2(X,Z)(1)Z2 O−→ H2Z2(H1(X,Z)(1)) .
As in the classical classification theory for vector bundles, it is important to give
an explicit description of the set H1
Z2
(X,S1(1)) of isomorphism classes of ι-Real line
bundles on X in terms of characteristic classes. The relevant characteristic classes
associated to a ι-Real Hermitian line bundle (L, ι˜) on (X, ι) are:
c1(L) ∈ ker(O) ⊂ H2(X,Z)(1)Z2 , w1(Lι˜) ∈ H1(Xι,Z2) .
Therefore it is a natural problem to determine explicitly the kernel and the image
of the corresponding group morphism
H1Z2(X,S
1(1)) cw−−→ H2(X,Z)(1)Z2 ×H1(Xι,Z2) .
Determining these groups will give an alternative short exact sequence having the
group H1
Z2
(X,S1(1)) as central term.
2.2. Examples. In this section we will apply the general formalism developed
above in two important cases: Klein surfaces and a Real tori.
The case of a Klein surface. Let C be a closed connected, oriented differentiable
2-manifold, and ι : C → C an orientation reversing involution with Cι 6= ∅. Let
r ∈ N be the number of components of Cι. Let d2 : H2(C,Z) → Z2, degZ2 :
H1(Cι,Z2)→ Z2 be the morphisms defined by
α 7→ 〈α, [C]〉 mod 2 , γ 7→ 〈γ, [Cι]Z2〉 ,
and denote by H2(C,Z)(1)Z2 ×Z2 H1(Cι,Z2) the fiber product of d2 and degZ2 .
Theorem 2.8. The characteristic map
cw : H1Z2(C, S
1(1)) −→ H2(C,Z)(1)Z2 ×H1(Cι,Z2)
induces an isomorphism
H1Z2(C, S
1(1)) cw−−→ H2(C,Z)(1)Z2 ×Z2 H1(Cι,Z2) .
Proof. It follows from the Corollary in Appendix B that for any ι-Real line bundle
(L, ι˜) one has
degZ2(w1(L
ι˜)) ≡ 〈c1(L), [C]〉 (mod 2) .
This shows that im(cw) ⊂ H2(C,Z) ×Z2 H1(Cτ ,Z2), and that we have a com-
mutative diagram:
0 → H1
Z2
(H1(C,Z)(1)) → H1
Z2
(C, S1(1))
c1−−→ H2(C,Z) → 0
↓ j ↓ cw ‖
0 → ker(degZ2) → H2(C,Z) ×Z2 H1(Cι,Z2)
pr1−−→ H2(C,Z) → 0
One easily sees that cw is surjective e.g. by choosing a ι-anti-invariant holomor-
phic structure J on C and using Real divisors to construct real line bundles with
prescribed characteristic classes.
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Using a Comessatti basis for the Z2-module H
1(C,Z) one computes
H1Z2(H
1(C,Z)(1)) ≃ Zr−12 .
On the other hand one obviously has ker(degZ2) ≃ Zr−12 . The claim follows now
from the snake lemma.
The case of a torus. Let now T = V/Λ be a torus, where V is a real vector space,
and Λ ⊂ V is a lattice. Let τ : Λ → Λ be a linear involution, and denote by the
same symbol the induced automorphisms of V and T .
In order to describe the fixed point locus T τ we use the short exact sequence of
Z2-modules
0 −→ Λ −→ V −→ T −→ 0 .
The corresponding long exact sequence of cohomology groups reads:
0 −→ Λτ −→ V τ −→ T τ −→ H1Z2(Λ) −→ 0 .
This shows that T τ decomposes as a disjoint union
T τ =
⋃
[µ]∈H1
Z2
(Λ)
T[µ] ,
where every connected component T[µ] is a torus isomorphic to the quotient
T0 :=
V τ/
Λτ .
Hence H1(T[µ],Z) = Λ
τ and H1(T[µ],Z) = [Λ
τ ]∨.
We are interested in τ -Real line bundles on T . Since H1(T,Z) = Λ∨, one gets
from Corollary 2.7 the exact sequence
0→ H1Z2(Λ∨(1))→ H1Z2(T, S1(1))
c1−−→ H2(T,Z)(1)Z2 O−→ H2Z2(Λ∨(1)) .
One has natural identifications
H1Z2(Λ
∨(1)) = [Λ
∨]τ
∗/
(id + τ∗)Λ∨ , H
2(T,Z)(1)Z2 = ∧2Λ∨(1)Z2 ,
H2Z2(Λ
∨(1)) = H1Z2(Λ
∨) = [Λ
∨]−τ
∗/
(id− τ∗)Λ∨ .
We will see that on a torus the obstruction map O vanishes (see Proposition 3.6).
For every τ -Real line bundle (L, τ˜) on T , we have an associated Stiefel-Whitney
class of the fixed point bundle Lι˜ on T τ , which is an element w(L, τ˜ ) ∈ H1(T τ ,Z2).
Such an element can be regarded as a map
w(L, τ˜ ) : Λ
−τ/
(id− τ)Λ → Hom(Λτ ,Z2) .
In section 3 we will give an explicit description of the group H1
Z2
(T, S1(1)) of
isomorphism classes of τ -Real Hermitian line bundles in terms of characteristic
classes. We will show that the group morphism
H1Z2(T, S
1(1)) cw−−→ H2(T,Z)(1)Z2 ×H1(T τ ,Z2) =
= ∧2Λ∨(1)Z2 ×Map
(
Λ−τ/
(id− τ)Λ , Hom(Λτ ,Z2)
)
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is injective, and we will determine explicitly its image. In particular we will describe
the set of maps
Λ−τ/
(id− τ)Λ −→ Hom(Λτ ,Z2)
which correspond to τ -Real line bundles on T , i.e., which have the form w(L, τ˜ ) for
a τ -Real line bundle (L, τ˜ ) on T .
2.3. Real line bundles and connections.
Proposition 2.9. Let (X, ι) be a differentiable manifold endowed with an in-
volution. Let L be a Hermitian line bundle on X whose Chern class satisfies
ι∗(c1(L)) = −c1(L), and let B(L) be the moduli space of Hermitian connections
on L. Then
(1) ι induces a well defined involution ιˆ : B(L)→ B(L).
(2) Suppose Xι 6= ∅. The following conditions are equivalent:
(a) B(L)ιˆ 6= ∅.
(b) L admits ι-Real structures.
(3) If one of the two equivalent conditions above is satisfied, then the set of iso-
morphism classes of ι-Real structures on L can be identified with π0(B(L)ιˆ).
Proof. (1) We denote by c : S1 → S1 the conjugation automorphism. Fix a ι-
covering anti-isomorphism f : L→ L, and denote by the same symbol the induced
ι-covering type c-isomorphism PL → PL between associated principal bundles.
For a connection A on PL we define
ιˆ([A]) := [f∗(A)] ,
where f∗(A) is the pull-back connection in the sense of [KN]. In terms of connection
forms one has
θf∗(A) = −f∗(θA) .
Since f is well defined up to composition which a gauge transformation, it follows
that ιˆ is well-defined. Since f ◦ f is a gauge transformation, it follows that ιˆ is an
involution as claimed.
(2), (3) Let R be the space of ι-Real structures on L. The gauge group G acts
on R by conjugation, and the set of isomorphism classes of ι-Real structures on L
is the quotient R/G.
In order to prove (2) and (3) it suffices to construct a surjective map
F : B(L)ιˆ →R/G
whose fibers are the connected components B(L)ιˆ. Let A ∈ A(L) such that [A] ∈ Bιˆ.
It follows that there exists a gauge transformation g ∈ G such that A = g∗f∗(A),
in other words, A = ι˜∗A(A) where ι˜A := f ◦ g is a type-c ι-covering isomorphism.
Note that ι˜A is well defined up to multiplication with constant elements ζ ∈ S1.
The composition ι˜A ◦ ι˜A is an A-parallel gauge transformation, so it is a constant
gauge transformation zidL. Let x ∈ Xι and v ∈ Lx. One has
(ι˜A ◦ ι˜A ◦ ι˜A)(v) = ι˜A((ι˜A ◦ ι˜A)(v)) = ι˜A(zv) = z¯ι˜A(v) = (ι˜A ◦ ι˜A)(ι˜A(v)) = zι˜A(v) ,
hence z ∈ R ∩ S1 = {±1}. But Lx is a complex line, so it does not admit any
anti-linear automorphism with square −idLx . This shows that z = 1, so ι˜A is an
involution. Since it is also ι-covering and anti-linear, we get ι˜A ∈ R. Replacing A
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by a gauge equivalent connection produces an ι-Real structure which is conjugate
to ι˜A, so that we get a well defined element F ([A]) := [ι˜A].
To see that the map F is surjective note that a ι-Real structure ι˜ defines an
involution on the affine space A(L). But any involution on an affine space has fixed
points. For an ι˜-invariant connection A one gets obviously F ([A]) = [ι˜].
It is easy to see that F is continuous with respect to the quotient topologies.
Indeed, the ι-real structure ι˜ associated with A is ι˜ = f ◦ g, where
g−1dg = A− f∗(A) .
This shows that the class [g] ∈ G/S1 depends continuously on A ∈ A(L). On the
other hand, the equivalence class [f ◦ g] ∈ R/G depends only on [g] ∈ G/S1, so it
depends continuously on A as claimed.
Since the quotient topology on R/G is discrete, F is constant on the connected
components of B(L)ιˆ.
It remains to prove that the fibers of F are connected. Let A, B ∈ A(L) such
that F ([A]) = F ([B]). It follows that there exists g, h, k ∈ G such that
A = (f ◦ g)∗(A) , B = (f ◦ h)∗(B) , f ◦ g = k ◦ (f ◦ h) ◦ k−1 ,
which implies k∗(A) = (f ◦ h)∗ ◦ k∗(A). Therefore the connections k∗(A) ∼ A and
B are both ι˜-invariant, where ι˜ is the ι-Real structure f ◦ h. But it is easy to see
that the space of ι˜-invariant connections in A(L) is an affine subspace with model
linear space iA1(X,R)−ι
∗
, hence this space is connected as claimed.
Suppose now that X is a closed manifold endowed with a ι-invariant Riemannian
metric g. A statement similar to the one above holds when one replaces the infinite
dimensional space B(L) with the moduli space T (L) of Yang-Mills connections on
L, which is isomorphic to a b1(X)-dimensional torus. Note that the inclusion map
T (L) →֒ B(L)
is a homotopy equivalence.
Corollary 2.10. Let (X, ι) be a closed Riemannian manifold endowed with an
isometric involution. Let L be a Hermitian line bundle on X whose Chern class
satisfies ι∗(c1(L)) = −c1(L), and let T (L) be the moduli space of Yang-Mills con-
nections on L. Then
(1) ι induces a well defined involution ιˆ : T (L)→ T (L).
(2) Suppose Xι 6= ∅. The following conditions are equivalent:
(a) T (L)ιˆ 6= ∅.
(b) L admits ι-Real structures.
(3) If one of the two equivalent conditions above is satisfied, then the set of iso-
morphism classes of ι-Real structures on L can be identified with π0(T (L)ιˆ).
It is useful to consider the disjoint union of all Yang-Mills tori
TX :=
∐
c∈H2(X,Z)
T (Lc) ,
where Lc denotes a Hermitian line bundle with Chern class c. This union comes
with a well defined involution ιˆ defined as the composition of the usual pull-back
of connections:
A(Lc) ∋ A 7→ ι∗(A) ∈ A(ι∗(Lc))
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with the canonical identification A(L) = A(L¯) induced by the equality between the
total spaces of the principal bundles PL, PL¯. Using Corollary 2.10 we obtain
Proposition 2.11. Under the conditions and with the notations of Corollary 2.10
the assignment A 7→ [ι˜A] defines a group morphism
FX : T ιˆX −→ H1Z2(X,S1(1))
from the fixed point locus T ιˆX to the group of isomorphism classes of ι-Real Hermit-
ian line bundles on X. This morphism induces an isomorphism
fX : π0(T ιˆX) ≃−→ H1Z2(X,S1(1)) .
This result has an important complex geometric analogon:
Proposition 2.12. Let X be a compact connected complex manifold endowed with
an anti-holomorphic involution ι : X → X. Suppose that Xι 6= ∅. Consider the
induced anti-holomorphic involution ιˆ : Pic(X)→ Pic(X) defined by
ιˆ([L]) := [ι∗(L)] .
Let L be a holomorphic line bundle on X with [L] ∈ Pic(X)ιˆ. Then
(1) There exists an anti-holomorphic ι-Real structure ι˜L on L, which is unique
up to multiplication with constant elements ζ ∈ S1.
(2) The assignment [L] 7→ [(L, ι˜L)] defines a group morphism
FX : Pic(X)
ιˆ −→ H1Z2(X,S1(1))
which maps the fixed point locus Pic(X)ιˆ to the set of isomorphism classes
of ι-Real Hermitian line bundles.
(3) The induced map fX : π0(Pic(X)
ιˆ)→ H1
Z2
(X,S1(1)) defines a bijection be-
tween π0(Pic(X)
ιˆ) and the set of isomorphism classes of ι-Real line bundles
with Chern class in the Neron-Severi group NS(X) of X.
Proof. (1), (2) The construction of the ι-Real structure ι˜L is similar to the con-
struction of the ι-Real structure ι˜A in Proposition 2.9.
(3) If X is Ka¨hlerian, the statement follows from Corollary 2.11. Indeed, on
Ka¨hlerian manifolds the space of Hermite-Einstein connections coincides with the
space of integrable Yang-Mills connections. Therefore, using the Kobayashi-Hitchin
correspondence for line bundles [15], we see that Pic(X) can be identified with the
(open and closed) subgroup of the Yang-Mills group TX consisting of gauge equiv-
alence classes of Yang-Mills connections on line bundles with Chern class of type
(1,1).
For the non-Ka¨hlerian case, one has to replace the Yang-Mills group TX with
the group T HEX of gauge-equivalence classes of Hermite-Einstein connections, and
to see that the analogue of Corollary 2.11 holds, giving a bijection
π0(Pic(X)
ιˆ) = π0((T HEX )ιˆ)→ {γ ∈ H1Z2(S1(1))| c1(γ) ∈ NS(X)} .
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3. Real line bundles on a torus
3.1. Abelian Yang-Mills theory on a torus. Let T = V/Λ be a n-dimensional
torus, where V is an n-dimensional real vector space of dimension n and Λ ⊂ V
a rank n lattice such that 〈Λ〉R = V . Let u ∈ Alt2(Λ,Z) = H2(T,Z) be an alter-
nating Z-valued form on Λ; we will denote by the same symbol the corresponding
differential form u ∈ A2(V ) on V , and by u¯ the differential form on T whose pull-
back via the projection p : V → T is u; u¯ is the harmonic representative of the
2-cohomology class u ∈ H2(T,Z) with respect to any flat metric on T induced by
an inner product on V .
Let L be a Hermitian line bundle of Chern class u on T , and T (L) the torus of
Yang-Mills connections on L.
Our first goals are:
(1) describe explicitly the torus T (L) of Yang-Mills connections on L,
(2) for every Yang-Mills class [A] describe the holonomy with respect to A
along the loops of the form p[v0, v0 + λ] ⊂ T , v0 ∈ V , λ ∈ Λ.
Let A be any Hermitian connection on L. We define a map αA : Λ→ S1 by the
condition
hAcλ(ζ) = α
A
λ ζ ,
where cλ is the loop (based in the origin 0T ∈ T ) defined by cλ(t) := p(λt), and hA
stands for the holonomy associated with the connection A. The loops cλ′ ∗ cλ and
cλ+λ′ are homotopic.
We will show below that αA defines a semicharacter. In order to see this we need
a general version of the holonomy formula which we recall now briefly:
Let Y be a differentiable manifold, L a Hermitian line bundle on Y endowed
with a Hermitian connection A, and let c : [0, 1] → Y be a loop in Y with c(0) =
c(1) = y0. Suppose that c is homotopically trivial, i.e., there exists a smooth map
C : Q→ Y , where Q := [0, 1]× [0, 1], such that
C R ≡ y0 , f(·, 1) = c .
Here R := ({0, 1} × I) ∪ (I × {0}) = ∂Q \ [I × {1}]. Then
Proposition 3.1. The holonomy with respect to the connection A along a loop c
can be computed using the formula
(7) hAc (ζ) = e
∫
Q
C∗(FA)ζ , ∀ζ ∈ Ly0 .
Using the holonomy formula (7) and supposing that λ, λ′ are linearly indepen-
dent over R, one obtains
(8) (αAλ+λ′ )
−1αAλ′α
A
λ = e
∫
T (λ,λ′)
p∗(FA) ,
where T (λ, λ′) ⊂ V is the triangle given by the convex hull of the points 0V , λ, λ′
oriented in the obvious way.
Suppose now that A is Yang-Mills with respect to the flat metric on T induced
by any inner product on V . The Yang-Mills condition means that i2piFA is the
harmonic representative of the Chern class c1(L) ∈ H2(T,Z). We denote by u the
corresponding element in Alt2(Λ,Z) and we agree to use the same symbol for the
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corresponding constant differential form u ∈ A2(V ) on V . With this notation, the
Yang-Mills condition becomes
p∗(
i
2π
FA) = u ,
hence the holonomy identities (8) become
αAλ+λ′ = α
A
λα
A
λ′e
2pii
∫
T (λ,λ′)
u = αAλα
A
λ′e
piiu(λ,λ′) .
Definition 3.2. A map α : Λ → S1 is called u-character if the following identity
holds:
αλ+λ′ = αλαλ′e
piiu(λ,λ′) for λ, λ′ ∈ Λ.
Note that (if non-empty) the set Homu(Λ, S
1) of u-characters is a Hom(Λ, S1)-
torsor, so it has a natural differentiable structure which makes it (non-canonically)
diffeomorphic to the dual torus V ∨/Λ∨.
Proposition 3.3. Homu(Λ, S
1) is non-empty and the assignment A 7→ αA defines
a canonical isomorphism
h : T (L)→ Homu(Λ, S1)
of differentiable Hom(Λ, S1)-torsors.
Proof: Since for any Yang-Mills connection A the corresponding map αA is a u-
character, the first statement is clear. Note that the tensor product of connections
defines a natural T0-torsor structure on T (L), where T0 stands for the torus of flat
Yang-Mills connections on T . But T0 can be identified with Hom(π1(T, 0T ), S1) =
Hom(Λ, S1) via the holonomy map h by a classical result in differential geometry.
It suffices to notice that the tensor product of abelian connections corresponds to
the multiplication of holonomies, so h defines a morphism of Hom(Λ, S1)-torsors.
Remark 3.4. One can prove directly that the set of u-characters is non-empty:
Choose a basis (e1, . . . , en) of Λ. Then any system z = (zi)1≤i≤n of elements in
S1 defines a unique u-character α with the property α(ei) = zi.
Our next goal is to describe explicitly the Yang-Mills connection which cor-
responds to a given u-character α, and in particular to compute the holonomy
associated with this connection along more general loops.
Let (e1, . . . , en) be a Z-basis of Λ (so also a R-basis of V ), and let (x
1, . . . , xn)
be the dual basis of V ∨. Any xi will be regarded as a smooth function on V .
Putting ujk := u(ej, ek) one has
u =
1
2
∑
j,k
ujkdx
j ∧ dxk =
∑
j<k
ujkdx
j ∧ dxk .
Let v be the tangent field on V given by
vv = v ∈ Tv(V ) = V ∀v ∈ V .
We define the imaginary differential 1-form θu on V by
θu := −πiιvu = −πi
∑
j,k
ujkx
jdxk .
One has dθu = −2πiu, which shows that θu is the connection form of a connection
Au on the trivial Hermitian line bundle V × C with curvature FAu = −2πiu and
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Chern form c1(Au) =
i
2piFAu = u. The covariant derivative corresponding to Au is
given by the formula ∇u := d+ θu.
In order to compute the holonomy of Au along a segment [v0, v0 + w] ⊂ V , we
parameterize this segment by cv0,w : [0, 1]→ V , cv0,w(t) := v0 + tw. The covariant
derivative of the pull-back connection c∗(Au) on the trivial line bundle [0, 1] × C
over [0, 1] is:
d+ c∗(θu) = d−πi
∑
j,k
ujk(v0+ tw)
jwkdt = d−πi
∑
j,k
ujkv
j
0w
kdt = d−πiu(v0, w) .
Therefore the parallel transport in the trivial line bundle V ×C along c with respect
to Au and with the initial condition ζ(0) = 1 is defined by the Cauchy problem:
ζ˙ − πiu(v0, w)ζ = 0 , ζ(0) = 1 .
This has the obvious solution ζ(t) = epiiu(v0,w)t. Therefore
Remark 3.5. The holonomy
hAucv0,w : {v0} × C→ {v0 + w} × C
of the connection Au along cv0,w is given by h
Au
cv0,w
(ζ) = epiiu(v0,w)ζ.
The action of the lattice Λ on V can be lifted to an action on the trivial line
bundle V × C by choosing a factor of automorphy e = (eλ)λ∈Λ, i.e., a system of
functions eλ : V → S1 satisfying the identities:
(9) eλ′(v + λ)eλ(v) = eλ+λ′(v) ∀ λ, λ′ ∈ Λ .
The Λ-action e˜ on V × C corresponding to a factor of automorphy e is given by
λ · (v, z) = e˜λ(v, z) := (v + λ, eλ(v)z) .
Denote by L(e) the line bundle on T obtained as the Λ-quotient of the trivial
line bundle V × C with respect to e˜. We seek factors of automorphy e such that
the connection Au descends to a connection A(e) on the quotient line bundle L(e).
This is equivalent to the condition that Au is e˜-invariant.
Let s0 be the constant section s0(v) := (v, 1) in V ×C, and denote by Tλ : V → V
the translation defined by λ. The condition e˜∗λ(Au) = Au is equivalent with:
∇u((e˜λ)∗(s0)) = (e˜λ)∗(∇u(s0)) .
Note that (e˜λ)∗(s0) = (eλ ◦ T−λ)s0, hence the invariance condition becomes:
deλ + eλT
∗
λθu = eλθu ,
or, equivalently,
d log(eλ) = πi ιλu = d(u(λ, ·)) .
Therefore, the factor of automorphy e must have the form
eλ(v) = aλe
piiu(λ,v) ,
where aλ is a constant. Since e must satisfy the cocycle condition (9) we see that
the function a : Λ→ S1 has to satisfy the condition
aλ+λ′ = aλaλ′e
piiu(λ,λ′) ,
i.e., a is a u-character. Note that, by Remark 3.5, the holonomy of the connection
Au along the segment [0, λ] ⊂ V is trivial. Taking into account that, in the con-
struction of L(e), the identification between the fibers {0}×C, {λ}×C is defined by
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eλ(0), one sees that the u-character α
A(e) associated to the Yang-Mills connection
A(e) is given by αA(e) = a¯. This gives a geometric interpretation of the factor aλ
appearing in the expression of eλ.
3.2. Real Yang-Mills connections on a torus. Let τ : Λ→ Λ be an automor-
phism of order 2 of the lattice Λ; denote by the same symbol the induced involutions
V → V and T → T . Recall (see Corollary 2.7 ) that the group H1
Z2
(T, S1(1)) of
isomorphism classes of Real Hermitian line bundles on T fits into the short exact
sequence
(10)
0→ [Λ∨]τ
∗/
(id + τ∗)Λ∨ → H
1
Z2
(T, S1(1))
c1−−→ ∧2Λ∨(1)Z2 O−→ [Λ∨]−τ
∗/
(id− τ∗)Λ∨ .
The obstruction space [Λ
∨]−τ
∗/
(id− τ∗)Λ∨ coincides with the cohomology group
H1Z2(Λ
∨) = H2Z2(Hom(Λ, S
1)) = Hom(Λ, S
1)τ/
(id · τ)Hom(Λ, S1) .
We know that a Hermitian line bundle L admits τ -Real structures if and only
if the fixed point locus of the induced involution τ∗ : T (L) → T (L) is non-empty.
Using the identification between T (L) and the space Homu(Λ, S1) of u-characters
the involution τ∗ becomes:
τ∗(α)λ = α¯τ(λ) .
The existence of a τ -Real structure on L is therefore equivalent to the existence
of a u-character α satisfying the τ -Reality condition
(11) ατ(λ) = α¯λ .
Using this remark one can compute explicitly the obstruction O(u) of a form
u ∈ ∧2Λ∨(1)Z2 in the following way: Fix any u-character α, and consider the
function ρα : Λ→ S1 given by λ 7→ α(λ)α(τ(λ)); since τ∗(u) = −u, this function is
a τ -invariant character, and its class modulo (id · τ)Hom(Λ, S1) is independent of
α. This class is the obstruction O(u).
Proposition 3.6. On a torus the obstruction map O vanishes.
Proof: Choose a Comessatti basis (α1, . . . , αa, β1, . . . βs, γs+1, . . . , γn−a) of (Λ, τ),
i.e., a basis satisfying
τ(αi) = αi for 1 ≤ i ≤ a ; τ(βj) = αj − βj for 1 ≤ j ≤ s ;
(12) τ(γk) = −γk for s+ 1 ≤ k ≤ n− a .
Here s ≤ a is the Comessatti characteristic of (Λ, τ), and n is the rank of Λ (see
Lemma 3.5 in [20]). As in Remark 3.4 we see that for any system
z = (u1, . . . , ua, v1, . . . vs, ws+1, . . . , wn−a)
of elements in S1 we get a u-character αz such that αz(αi) = ui, αz(βj) = vj ,
αz(γk) = wk. Note that the τ -Reality condition (11) holds if and only if it holds for
the elements of the Comessatti basis (which is τ -invariant). Therefore αz is τ -Real
if and only if
ui ∈ {±1} for 1 ≤ i ≤ a and uj = epiiu(αj ,βj) for 1 ≤ j ≤ s .
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Remark 3.7. The proof of Proposition 3.6 shows that, in the presence of a Comes-
satti basis, the space of τ-Real u-characters can be explicitly identified with the space
{±1}a−s × [S1]n−a. The connected components of this space correspond bijectively
to isomorphism classes of τ-Real line bundles.
Our goal now is the following: Let (L, τ˜) be a τ -Real Hermitian line bundle on
T . The fixed point locus Lτ˜ is a R-line bundle on the fixed point locus T τ , and we
want to compute its Stiefel-Whitney class w1(L
τ˜ ). The fixed point locus T τ is a
disjoint union of components T[µ], all translations of the torus V
τ/Λτ by elements
[µ] ∈ 12Λ−τ/ 12 (id− τ)Λ, so the Stiefel-Whitney class w1(Lτ˜ ) can be regarded as an
function
w :
1
2
Λ−τ/
1
2
(id− τ)Λ
−→ Hom(Λτ , {±1}) .
For a class [µ] the morphism w([µ]) ∈ Hom(Λτ , {±1}) has a simple geometric
interpretation: w([µ])(λ) is just the holonomy of any τ˜ -invariant Hermitian connec-
tion A on L along the path p ◦ cµ,λ. This follows from the following general
Remark 3.8. Let F → B be an Euclidean line bundle on a differentiable manifold
B, and A its unique O(1)-connection (which is automatically flat). Let γ : S1 → B
be a smooth map, and h = γ∗([S
1]) ∈ H1(B,Z). Then
〈w1(F ), [h]2〉 = hAγ ∈ {±1} ≃ Z2 .
Suppose now that L = L(e) where e is the factor of automorphy associated with
a τ -Real u-character a. In this case one can use the Yang-Mills connection A(e),
which is τ -Real. Using Remark 3.5 we see that the holonomy along the closed path
p ◦ cµ,λ is given by
h(ζ) = eλ(µ)
−1epiiu(µ,λ)ζ = a¯λe
−piiu(λ,µ)+piiu(µ,λ)ζ = αλe
piiu(2µ,λ)ζ .
Therefore we get:
w([µ])(λ) = αλe
piiu(2µ,λ) ∀λ ∈ Λτ .
Note that w(0)(λ) = αλ, so that one finally obtains the transformation formula
w([µ])(λ) = w(0)(λ)epiiu(2µ,λ) ∀λ ∈ Λτ .
Identifying H1(T[µ],Z) with Λ
τ and H1(T[µ],Z2) with Hom(Λ
τ ,Z2) we get the fol-
lowing difference formula
Proposition 3.9. One has
(13) w([µ])− w(0) = u(2µ, ·) (mod 2) .
This formula shows that the function w is completely determined by w(0). Note
also that the difference w([µ]) − w(0) vanishes on the subgroup (id + τ)Λ ⊂ Λτ of
trivial invariants in Λ. Indeed, one has
u(2µ, λ+ τ(λ)) = u(2µ, λ)+u(2µ, τ(λ)) = u(2µ, λ)−u(2τ(µ), λ) = 2u(2µ, λ) ∈ 2Z .
It follows that the restriction w([µ]) (id+τ)Λ is independent of [µ]. We want to iden-
tify this restriction.
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Note first that the map f˜u : Λ → Z2 defined by f˜u(λ) := u(λ, τ(λ)) (mod 2) is
a group morphism. This morphism vanishes on the subgroup Λ−τ of anti-invariant
elements, because for any ν ∈ Λ−τ one has
u(λ+ ν, τ(λ + ν)) = u(λ, τ(λ)) + u(λ, τ(ν)) + u(ν, τ(λ)) + u(ν, τ(ν)) =
= u(λ, τ(λ)) + 2u(λ, τ(ν)) .
Therefore the morphism f˜u induces a well-defined morphism fu : (id + τ)Λ → Z2
given by
fu(λ+ τ(λ)) := f˜u(λ) = u(λ, τ(λ)) (mod 2).
Note also that the morphism Alt2(Λ,Z)→ Hom((id + τ)Λ,Z2) given by u 7→ fu is
obviously a group morphism. Using the identification {±1} = Z2 we have
Remark 3.10. For any [µ] ∈ 12Λ−τ/ 12 (1− τ)Λ one has w([µ]) (id+τ)Λ = fu.
Proof: The holonomy along the closed path p ◦ cµ,λ+τ(λ) is given by
h(ζ) = αλ+τ(λ) = e
piiu(2µ,λ+τ(λ))ζ .
Since u(2µ, λ+τ(λ)) = u(2µ, λ)+u(2µ, τ(λ)) = u(2µ, λ)−u(2τ(µ), λ) = 2u(2µ, λ) ∈
Z, one gets
w([µ])(λ + τ(λ)) = αλα¯λe
piiu(λ,τ(λ)) = epiiu(λ,τ(λ)) .
We can now summarize our results and give an explicit formula for the Stiefel-
Whitney class w1(L
ι˜) of the fixed point bundle Lι˜ of a τ -Real line bundle on a torus
T . We may suppose that L is endowed with an invariant Yang-Mills connection
A = A(e), where e is the factor of automorphy associated with a τ -Real u-character
a = (aλ)λ∈Λ.
Proposition 3.11. For elements λ ∈ Λτ and [µ] ∈ 12Λ−τ/ 12 (id− τ)Λ one has
w([µ])(λ) = a¯λe
piiu(2µ,λ) .
In particular, w(0)(λ) = a¯λ for every λ ∈ Λτ .
3.3. Classification of Real line bundles on a Real torus. Let again τ : Λ→ Λ
be an automorphism of order 2 of an n-dimensional lattice Λ ⊂ V = 〈Λ〉R, and
denote by the same symbol the induced involutions on V and T = V/Λ.
Our next goal is a complete description – in terms of characteristic classes – of
the Grothendieck group H1
Z2
(T, S1(1)) of τ -Real line bundles on T .
For any u ∈ Alt2(Λ,Z)−τ∗ we put
W (u) := {w ∈ Hom(Λτ ,Z2)| w (id+τ)Λ = fu} .
Consider the fiber product
Alt2(Λ,Z)−τ
∗ ×Hom((id+τ)Λ,Z2) Hom(Λτ ,Z2) ,
where Alt2(Λ,Z)−τ
∗
, Hom(Λτ ,Z2) are regarded as groups over Hom((id + τ)Λ,Z2)
via u 7→ fu, and w 7→ w (id+τ)Λ respectively.
By Remark 3.10 it follows that, for every τ -Real line bundle (L, τ˜), the Stiefel-
Whitney class of the restriction Lτ˜ T0 of the real line bundle L
τ˜ to the standard
connected component T0 := V
τ/Λτ of T τ is an element of W (u).
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Theorem 3.12. The group morphism
cw0 : H
1
Z2
(T, S1(1))→ Alt2(Λ,Z)−τ∗ ×Hom((id+τ)Λ,Z2) Hom(Λτ ,Z2)
defined by
cw0([L, τ˜ ]) := (c1(L), w1(L
τ˜
T0)) ,
is a bijection.
Proof:
1. Injectivity: An element of ker(cw0) is the class of a τ -Real line bundle (L, τ˜)
with trivial first Chern class c1(L) and vanishing Stiefel-Whitney class w1(L
τ˜
T0).
This first condition implies that (L, τ˜) is induced by an element
[χ] ∈ [Λ∨]τ
∗/
(id + τ∗)Λ∨ ,
i.e., it coincides with the flat τ -Real line bundle (Lχ, τ˜χ), where Lχ is defined by
the τ -invariant representation epiiχ : π1(T ) → {±1} associated with χ; Lχ can be
endowed with a natural τ -Real structure τ˜χ.
Note that the natural morphism
[Λ∨]τ
∗/
(id + τ∗)Λ∨ → Hom(Λ
τ ,Z2)
is a monomorphism, and its image is
Hom
(
Λτ/
(id + τ)Λ,Z2
)
⊂ Hom(Λτ ,Z2) .
This can easily be proved using a Comessatti basis in Λ. Therefore the vanishing
of w1(L
τ˜
T0) implies [χ] = 0.
2. Surjectivity: Let (u,w) ∈ Alt2(Λ,Z)−τ∗ ×Hom((id+τ)Λ,Z2) Hom(Λτ ,Z2). Using
the vanishing of the obstruction map O (see Proposition 3.6) it follows that there
exists a τ -Real line bundle (L′, τ˜ ′) with c1(L
′) = u. Put w′ := w1(L
′τ
′
T 0). We
know by Remark 3.10 that w′ ∈W (u). Therefore the difference w−w′ vanishes on
(id + τ)Λ ⊂ Λτ , so it defines a morphism v ∈ Hom(Λτ/(id + τ)Λ,Z2). Let [χ] be
the corresponding element in [Λ∨]τ
∗
/(id + τ∗)Λ∨. Then (L, τ˜ ) := (L′, τ˜ ′)⊗ (Lχ, τ˜χ)
is a τ -Real line bundle with cw0([L, τ˜ ]) = (u,w).
4. Real theta line bundles
4.1. Holomorphic line bundles on a complex torus. We will see that, using
the Kobayashi-Hitchin correspondence between abelian Hermite-Einstein connec-
tions and holomorphic line bundles, one can recover the classical Appell-Humbert
theorem in a completely natural way.
Suppose that J is a complex structure on V . Endow the torus T = V/Λ with
the induced holomorphic structure, and let L be a Hermitian line bundle on T
whose Chern class c1(L) corresponds to u ∈ Alt2(Λ,Z). A connection A ∈ A(L)
is Hermite-Einstein with respect to the flat Ka¨hler metric on T (defined by any
Hermitian structure on V ) if and only if it is Yang-Mills and its curvature is of
type (1,1). Therefore the group Pic(T ) of isomorphism classes of holomorphic line
bundles on T can be identified with the union
∐
c1(L)∈NS(T )
T (L), where NS(T ) ⊂
H2(T,Z) is the Neron-Severi group of T . NS(T ) can be identified with the subgroup
of Alt2(Λ,Z) consisting of forms u whose R-linear extension is J-invariant. This
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means that the corresponding differential form on V is of type (1,1). Our goal
is to find a natural holomorphic factor of automorphy ǫ for the holomorphic line
bundle L(e) which corresponds to the Hermite-Einstein connection A(e) on L(e).
The holomorphic structure of L(e) is defined by the semi-connection ∂¯A(e). The
pull-back of this semi-connection to the trivial line bundle V ×C is given by ∂¯u :=
∂¯+ θ0,1u , so it does not coincide with the trivial semi-connection ∂¯ (unless of course
u = 0). We want to construct explicitly a holomorphic line bundle L′(e) on T which
is holomorphically isomorphic to L(e) and whose pull-back to V is the standard
trivial holomorphic line bundle (V × C, ∂¯). This line bundle will be defined by a
holomorphic factor of automorphy ǫ = (ǫλ)λ∈Λ.
In order to obtain this holomorphic factor of automorphy, the first step is to find
a complex gauge transformation g ∈ C∞(V,C∗) such that g∗(∂¯) = ∂¯u, i.e., we have
to solve the equation:
g−1dg = θ0,1u .
If g is a solution of the this equation, the corresponding factor of automorphy will
be
e′λ(v) := g(v + λ)eλ(v)g
−1(v) .
Using complex coordinates zj on V and writing u as
u =
i
2
∑
j,k
ωjkdz
j ∧ dz¯k
with ω¯ij = ωji, one obtains
θ0,1u =
π
2
∑
j,k
ωjkz
jdz¯k .
Note that θ0,1u =
pi
2 ∂¯(
∑
j,k ωjkz
j z¯k), so one can take
g(v) = e
pi
2
∑
j,k ωjkv
j v¯k .
Recall that the Hermitian form associated with u (C-linear in the second variable)
is given by
Hu(v, w) := u(v, Jw) + iu(v, w) .
One checks that H(v, w) =
∑
j,k ωjkw
j v¯k. Therefore the most natural solution is
g(v) = e
pi
2Hu(v,v). With this choice of the complex gauge transformation g, the
corresponding holomorphic factor of automorphy of L′(e) ≃ L(e) is given by:
ǫλ(v) = g(v + λ)g
−1(v)eλ(v) = aλe
pi(H(λ,v)+ 12H(λ,λ)) .
This is the canonical factor of automorphy in the sense of Mumford’s [Mu]. Note
that g defines an isomorphism of Hermitian holomorphic line bundles on V
(V × C, ∂¯A(e), h0) −→ (V × C, ∂¯, |g|−2h0) ,
where h0 is the standard Hermitian metric on the trivial line bundle V × C. This
isomorphism maps the Chern connection on the left (which is A(e)) to the Chern
connection of the pair (∂¯, |g|−2h0), which descends to the Chern connection of L′(e)
endowed with the metric induced by |g|−2h0 (which is the unique Hermite-Einstein
connection of the holomorphic line bundle L′(e)). This proves the following impor-
tant theorem, which yields the factor of automorphy e of a Yang-Mills connection
which is gauge equivalent to the Hermitian-Einstein connection of a holomorphic
line bundle L(ǫ) defined by a canonical factor of automorphy ǫ.
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Theorem 4.1. Let ǫ = (ǫλ)λ∈Λ with
ǫλ(v) = aλe
pi(H(λ,v)+ 12H(λ,λ))
be a canonical factor of automorphy for a holomorphic line bundle L(ǫ) on T , where
a : Λ→ S1 is an S1-valued Im(H)-character. Then the Yang-Mills connection A(e)
defined by the factor of automorphy eλ(v) = aλe
piiIm(H)(λ,v) is gauge-equivalent to
the unique Hermite-Einstein connection on the holomorphic bundle L(ǫ).
In particular a¯λ ∈ S1 is the holonomy of this Hermite-Einstein connection along
the loop p ◦ cλ.
Note that this theorem allows one to read off the holonomy of the Hermitian-
Einstein connection on the holomorphic bundle L(ǫ) along segments of the form
p ◦ cλ.
4.2. Theta line bundles of Klein surfaces. Let (C, ι) be a Klein surface of
genus g, and Θ ⊂ Picg−1(C) the geometric theta divisor defined by
Θ := {L ∈ Picg−1(C)| h0(L) > 0} .
Denote by
S(C) := {[κ] ∈ Picg−1(C)| [κ⊗2] = [ωC ]}
the set of theta characteristics of C. This set is naturally a Pic0(C)2-torsor. For
any [κ] ∈ S(C) we consider the divisor
Θκ := Θ− [κ] ⊂ Pic0(C)
which will be called the theta divisor associated with κ. Note that
(−1)∗Θκ = Θκ .
Denote by ιˆ the involution ιˆ : Pic(C)→ Pic(C) given by
ιˆ([L]) = [ι∗(L)] .
Note that ιˆ(Picd(C)) = Picd(C) for any d ∈ Z and that ιˆ leaves invariant the
geometric theta divisor Θ (because H0(C,L) and H0(C, ιˆ(L)) are naturally anti-
isomorphic).
Clearly if a theta characteristic [κ] ∈ S(C) is ι-Real (i.e. ιˆ([κ]) = [κ]) then one
has
ιˆ(Θκ) = Θκ .
The set of ιˆ-Real theta characteristics is non-empty; this set has been studied in
[10] and [16]. We obtain a holomorphic line bundle
Lκ := OPic0(C)(Θκ)
on Pic0(C), which is symmetric in the sense that
(−1)∗Lκ = Lκ .
Note also that Lκ is naturally a ιˆ-Real line bundle on Pic0(C) since it is associated
with a Real divisor. The first Chern class of Lκ is the element
uC ∈ H2(Pic0(C),Z) = Alt2(H1(C,Z),Z)
defined by the cup form uC : H
1(C,Z) ×H1(C,Z)→ Z.
Our next goals are:
(1) determine explicitly the Appel-Humbert data of Lκ,
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(2) determine explicitly the element of H1
Z2
(Pic0(C), S1(1)) defined by the ιˆ-
Real line bundle Lκ on Pic0(C)
Clearly the first component of the Appel-Humbert datum defining Lκ is the
Hermitian form HuC associated with the cup form uC . The second component χκ
of the datum is an uC-character which takes values in {±1} since Lκ is symmetric
(see Corollary 2.3.7 in [5]). We obtain the identities
χκ(λ+ λ
′) = χκ(λ)χκ(λ
′)epiiuC(λ,λ
′) .
Note that χκ is trivial on 2H
1(C,Z) ⊂ H1(C,Z) and descends to a well-defined
map
χ¯κ :
H1(C,Z)/
2H1(C,Z)
= H1(C,Z2) −→ {±1} = Z2 .
This Z2-valued map satisfies the identity
χ¯κ([λ] + [λ
′]) = χ¯κ([λ]) + χ¯κ([λ
′]) + uC(λ, λ′) .
Hence χκ is a quadratic refinement of the (mod 2) cup form
u¯C : H
1(C,Z2)×H1(C,Z2)→ Z2 .
Let [κ] ∈ S(C). Mumford defines a map qκ : Pic0(C)2 → Z2 given by
[η] 7→ h0(κ⊗ η)− h0(κ) (mod 2) .
With the canonical identification Pic0(C)2 = H
1(C,Z2) and using Poincare´ duality
Mumford’s theta form qκ becomes a map (denoted by the same symbol)
qκ : H1(C,Z2)→ Z2
which satisfies the Riemann-Mumford relations:
(14) qκ(η + η
′) = qκ(η) + qκ(η
′) + η · η′
Proposition 4.2. Suppose Lκ is associated with the Appel-Humbert data (HuC , χκ).
Then
χκ(λ) = (−1)qκ(λ∩[C]) ∀λ ∈ H1(C,Z) .
Proof. Using [5] Proposition 4.7.2. one obtains
χκ(λ) = (−1)mult[ 12 λ](Θκ)−mult[0](Θκ) ∀λ ∈ H1(C,Z) .
Now we use the Riemann singularity theorem [5]:
mult[L](Θ) = h
0(L) .
One obviously has
mult[0](Θκ)) = mult[κ](Θ)) = h
0(κ) ,
mult[ 12λ](Θκ) = multκ⊗[ 12λ]
(Θ)) = h0
(
κ⊗
[
1
2
λ)
])
.
Therefore
χκ(λ) = (−1)qκ([ 12λ]) .
Since the image of
[
1
2λ
] ∈ Pic0(C)2 in H1(C,Z2) via our identification is λ ∩ [C])
we get
χκ(λ) = (−1)qκ(λ∩[C]) .
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Composing the map FX defined in Proposition 2.12 with the morphism
H1Z2(X,S
1(1))→ H1(Xι,Z2)
which maps a ι-Real line bundle (L, ι˜) to the first Stiefel-Whitney class w1(L
ι˜) one
obtains a morphism
w : Pic(X)ιˆ → H1(Xι,Z2) .
The following result – in the case of effective Real theta characteristics – was first
obtained by Natanzon using the theory of real Fuchsian groups and their liftings
[16]. We give a short direct proof in the general case, combining elementary differ-
ential geometric arguments with classical results of Atiyah, Johnson and Libgober.
Theorem 4.3. Let κ be a Real theta characteristic on (C, ι), and let C1, . . . , Cr be
the connected components of the fixed point locus Cι. One has
qκ([Ci]2) = 〈w([κ]), [Ci]2〉+ 1 .
In order to prove this theorem we need some preparations:
Let (C, g) be a closed, connected oriented Riemann surface. We identify the
SO(2)-frame bundle Pg → C of (C, g) with the sphere bundle q : S(TC)→ C in the
natural way, and we fix a Spin-structure σ : Q → S(TC) of C. A simple oriented
closed curve c in C yields a simple closed curve c˜ ⊂ S(TC) given by the unit tangent
vectors of c which are compatible with the orientation. This defines a homology
class [c˜] ∈ H1(S(TC),Z2). Changing the orientation of c will give a different lift in
S(TC), but the Z2-homology classes defined by the two lifts coincide. Any homology
class η ∈ H1(C,Z2) can be represented by a union of pairwise disjoint simple closed
curves c1, . . . , cm. We will need the following important lifting result of Johnson [12]:
Let z ∈ H1(S(TC),Z2) be the homology class of a fiber. Putting
ηˆ :=
m∑
i=1
[c˜i] +mz
defines a canonical lifting map ˆ : H1(C,Z2)→ H1(S(TC),Z2) satisfying the iden-
tity
η̂ + η′ = ηˆ + ηˆ′ + (η · η′)z .
Now let ξ ∈ H1(S(TC),Z2) be the class of a Spin-structure on C. This is
equivalent to the condition 〈ξ, z〉 = 1. Johnson defines a map ωξ : H1(C,Z2)→ Z2
by
ωξ(η) := 〈ξ, ηˆ〉 ,
where the canonical lift ηˆ is defined by a Spin-structure σ : Q→ S(TC) in the class
ξ. This map satisfies the identity
ωξ(η + η
′) = ωξ(η) + ωξ(η
′) + η · η′ .
In other words ωξ is a quadratic refinement of the (mod 2) intersection form.
Let Q(H1(C,Z2), ·) be the set of quadratic refinements of the (mod 2) intersec-
tion form and denote by Spin(C) the set of equivalence classes of Spin-structures
on C. Note that there is a well known bijection ξ : S(C) → Spin(C) between
the set of theta characteristics and the set of equivalence classes of Spin-structures
on C [3], [16]. We have just explained that Johnson’s construction defines a map
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ω : Spin(C)→ Q(H1(C,Z2), ·). On the other hand, by the Riemann-Mumford rela-
tions, Mumford’s construction yields a map q : S(C) → Q(H1(C,Z2), ·). Libgober
has shown [14] that the following diagram commutes:
S(C)
ցq
ξ ↓ Q(H1(C,Z2), ·)
ր
ω
Spin(C)
More precisely one has
(15) qκ(η) = ωξ[κ](η) ∀η ∈ H1(C,Z2) .
Now let g be a ι-invariant Hermitian metric on C and denote again by S(TC)
the sphere bundle of the real tangent bundle TC of C. Let κ be a holomorphic line
bundle representing a theta characteristic. We choose a holomorphic isomorphism
φ : κ⊗2 → ωC with the canonical line bundle ωC , and we endow κ with the Hermit-
ian metric induced via φ from the real cotangent bundle T ∗C , which is the underlying
differentiable line bundle of ωC . Via the standard identification Pg = S(TC) the
Spin-structure associated with κ is the double cover
σ : S(κ)
⊗2−−→ S(κ⊗2) φ−→ S(T ∗C) ≃−→ S(TC) .
Note that, by the definition of the map ξ, σ represents the class ξ[κ]. The sphere
bundle S(κ) can be also regarded as an S1-bundle over C via the composition
ρ := q ◦ σ. Note that the holomorphic line bundle ωC comes with a canonical anti-
holomorphic ι-Real structure ι˜can acting on local holomorphic 1-forms by η 7→ ι∗(η¯).
The induced involution on S(TC) is just the tangent map ι∗ of ι.
Remark 4.4. There exists an anti-holomorphic ι-Real structure ι˜0 on κ which lifts
the canonical ι-Real structure ι˜can on ωC via φ ◦ (·)⊗2. This ι-Real structure is
unique up to sign.
Indeed, Let ι˜ be any anti-holomorphic ι-Real structure on κ (see Proposition
2.12). The ι-Real structure induced on ωC via φ ◦ (·)⊗2 is well-defined and anti-
holomorphic, so it is equivalent with ι˜can modulo a constant ζ ∈ S1. It suffices to
put ι˜0 := zι˜, where z is a square root of ζ.
Lemma 4.5. Let κ be a theta characteristic endowed with a ι-Real structure ι˜0
lifting ι˜can, and let σ : S(κ) → S(TC) be the associated Spin-structure. Let γ :
S1 → Cι be a parametrization with unit speed of a connected component C0 ⊂ Cι,
and let Γ0 ⊂ S(TC) be the image of the tangent map γ∗. Replacing ι˜0 by −ι˜0 if
necessary the following holds:
(1) σ(S(κ)ι˜0 C0) = Γ0 and the obvious restrictions of σ, ρ and q define a com-
mutative diagram
S(κ)ι˜0 C0
=−→ S(κ)ι˜0 C0
↓ σ0 ↓ ρ0
Γ0
q Γ0−−−→ C0
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(2) The principal Z2-bundles σ0 : S(κ)
ι˜0
C0 → Γ0, ρ0 : S(κ)ι˜0 C0 → C0 are
isomorphic via q Γ0 .
Proof. Note first that the restriction S(TC)
ι∗
C0 of the fixed point locus S(TC)
ι∗ to
C0 is the disjoint union Γ0 ∪ −Γ0.
Claim: Either σ−1(Γ0) = S(κ)
ι˜0
C0 , or σ
−1(−Γ0) = S(κ)ι˜0 C0 .
Indeed, for any l ∈ S(κ)ι˜0 C0 one has σ(l) ∈ S(TC)ι∗ C0 , because ι˜0 is a lift of ι∗
via σ. Therefore either σ(l) ∈ Γ0, or σ(l) ∈ −Γ0. Two elements l1, l2 ∈ S(κ)ι˜0 C0
have the same image via σ if and only if l2 = ±l1, because σ is equivariant with
respect to S1
(·)2−−−→ S1 and is fiberwise equivalent to the standard double cover of
S1. Therefore the quotient S(κ)
ι˜0
C0
/
{±id} is mapped injectively to S(TC)ι∗ C0 .
On the other hand, the three projections
S(κ)ι˜0 C0
/
{±id} → C0 , Γ0 → C0 , −Γ0 → C0
are all diffeomorphisms. Hence the image of S(κ)
ι˜0
C0
/
{±id} via σ must be a sec-
tion of S(TC)
ι∗
C0 → C0, which proves the claim.
If we replace ι˜0 by −ι˜0 the new fixed point locus S(κ)−ι˜0 will be iS(κ)ι˜0,
and the multiplication by i on S(κ) corresponds to the multiplication by −1 on
S(TC). Therefore, replacing ι˜0 by −ι˜0 if necessary, we can assume that σ−1(Γ0) =
S(κ)ι˜0 C0 . This proves the first statement. The second follows directly from the
first.
Corollary 4.6. Let ξ[κ] ∈ H1(S(TC),Z2) be the first Stiefel-Whitney class of the
Z2-bundle σ : S(κ) → S(TC). Then, for every connected component C0 of Cι one
has
〈ξ[κ], [Γ0]〉 = 〈w([κ]), [C0]2〉 .
Now the proof of Theorem 4.3 is immediate:
Proof. (of Theorem 4.3) Using Libgober’s formula (15) and Corollary 4.6 one ob-
tains:
qκ([Ci]2) = ωξ[κ]([Ci]2) = 〈ξ[κ], [˜Ci]2 + z〉 = 〈ξ[κ], [˜Ci]2〉+ 1 = 〈w([κ]), [Ci]2〉+ 1 .
Corollary 4.7. One has qκ([C
ι]2) ≡ s (mod 2), where s is the Comessatti char-
acteristic of (C, ι).
Proof. The Comessatti characteristic of (C, ι) is given by the formula s = g+1− r
(see [20]). On the other hand, using the results in Appendix B it follows:
〈w([κ]), [Cι]2〉 = 〈c1(κ), [C]〉 (mod 2)
Applying Theorem 4.3 we get:
qκ([C
ι]2) = 〈w([κ]), [Cι]2〉+ r ( mod 2) ≡ g − 1 + r ( mod 2) ≡ s ( mod 2) .
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As we announced in the introduction, we like to summarize some of Natanzon’s
results in our terminology.
Natanzon’s results:
Let (C, ι) be a Klein surface of type (g, r, a) with r > 0, and let Cι =
∐r
i=1 Ci
be the decomposition of the fixed point set. The labeling of the following theorems
corresponds to the labeling in [16].
Theorem 5.2. (Natanzon 1995/1996) Let κ be an effective Real theta charac-
teristic. Then one has:
〈w([κ]), [Ci]2〉+ 1 = qκ([Ci]2) ∀i = 1, . . . , r
Theorem 5.3. (Natanzon 1995/1996) Suppose a(C, ι) = 1. For every system
(w1, . . . , wr) of classes wi ∈ H1(Ci,Z2) such that
∑〈wi, [Ci]2〉 ≡ g − 1 (mod 2),
there exists an effective Real theta characteristic κ such that
w([κ]) Ci = w
i ∀i = 1, . . . , r .
Theorem 5.4. (Natanzon 1995/1996) Suppose a(C, ι) = 0. For every system
(w1, . . . , wr) 6= (1, 1, . . . , 1) of classes wi ∈ H1(Ci,Z2) such that
∑〈wi, [Ci]2〉 ≡
g − 1 (mod 2), there exists an effective Real theta characteristic κ such that
w([κ]) Ci = w
i ∀i = 1, . . . , r .
Remark: When a(C, ι) = 0, and κ is a Real theta characteristic with w([κ]) Ci = 1
for all i = 1, . . . , r, then κ is not effective (see [10], Corollary 5.3).
The proofs of Natanzon’s results above are based on the following fundamental
theorem:
Theorem 4.1/5.1. (Natanzon 1990/1996) There exists a bijection between simi-
larity classes of liftings of real Fuchsian groups defining (C, ι) and Real theta char-
acteristics on (C, ι).
Recall [10] that the orientation obstruction a(C, ι) is 0 when C/〈ι〉 is orientable and
a(C, ι) is 1 when not. One has a(C, ι) = 0 if and only if C \ Cι has two connected
components.
Note that the submodule 〈{[Ci]| 1 ≤ i ≤ r}〉Z generated by the classes of the cir-
cles Ci is obviously contained in the ι∗-invariant submodule H1(C,Z)
ι∗ of H1(C,Z).
We will see that this submodule together with the submodule (id + ι∗)H1(C,Z) of
trivial invariants generates H1(C,Z)
ι∗ . We refer to [9] for the following result:
Lemma 4.8. Let (C, ι) be a Klein surface of genus g, r the number of connected
components of Cι, and denote by s = g−r+1 its Comessatti characteristic. Choose
an orientation of Cι, introduce an order relation (C1, . . . , Cr) on its set of connected
components, and put vi := [Ci] ∈ H1(C,Z).
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(1) Suppose that the quotient C
/
〈ι〉 is orientable, and put k := s2
(a) The homology group H1(C,Z) admits a symplectic basis of the form
(v1, . . . , vr−1, x1, . . . , xk, ι∗x1, . . . , ι∗xk, w1, . . . wr−1, y1, . . . , yk,−ι∗y1, . . . ,−ι∗yk)
where ι∗wi = −wi.
(b) The associated basis
(a, b) := (v1, . . . , vr−1, x1 + ι∗x1, . . . , xk + ι∗xk, y1 + ι∗y1, . . . , yk + ι∗yk,
w1, . . . , wr−1, y1, . . . , yk, ι∗x1, . . . , ι∗xk)
is symplectic, its first g basis vectors (a1, . . . , ag) are ι∗-invariant,
whereas the last g basis vectors (b1, . . . , bg) satisfy:
ι∗bi = −bi for 1 ≤ i ≤ r − 1, ι∗bj = ak+j − bj for r ≤ j ≤ r + k − 1,
ι∗bl = al−k − bl for k + r ≤ l ≤ 2k + r − 1 = g
(2) Suppose that the quotient C
/
〈ι〉 is not orientable. There exists a symplectic
basis
(a, b) = (a1, . . . , ag, b1, . . . , bg)
of H1(C,Z) such that ai = vi for 1 ≤ i ≤ r, the first g basis vectors
(a1, . . . , ag) are ι∗-invariant, whereas the last g basis vectors (b1, . . . , bg)
satisfy the identities:
ι∗bj =

−bj −
∑g
i=1 ai for 1 ≤ j ≤ r
−bj − aj −
∑g
i=1 ai for r + 1 ≤ j ≤ g
Using this lemma, the results of Costa and Natanzon [9], and elementary argu-
ments one obtains:
Corollary 4.9. Let (C, ι) be a Klein surface with Cι 6= ∅.
(1) The natural map
j : 〈{vi| 1 ≤ i ≤ r}〉Z ⊕
[
(id + ι∗)H1(C,Z)
] −→ H1(C,Z)ι∗
is always surjective.
(2) If a(C, ι) = 0 then, orienting the curves Ci in a suitable way, one has a
short exact sequence
1 −→ Z
r∑
i=1
vi −→ ⊕ri=1Zvi −→ 〈v1, . . . , vr〉Z → 0 ,
and
〈v1, . . . , vr〉Z ∩
[
(id + ι∗)H1(C,Z)
]
= 〈2v1, . . . , 2vr〉Z .
(3) If a(C, ι) = 1, then the canonical epimorphism
⊕ri=1Zvi −→ 〈v1, . . . , vr〉Z
is an isomorphism and one has:
H1(C,Z)
ι∗ = 〈a1, . . . , ag〉 , (id + ι∗)H1(C,Z) = 〈2a1, . . . , 2ag, ar+1, . . . , ag,
g∑
i=1
ai〉Z
= 〈2a1, . . . , 2ag, ar+1, . . . , ag,
r∑
i=1
ai〉Z ,
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(id+ι∗)H1(C,Z)∩〈a1 , . . . , ar〉 = 〈2a1, . . . , 2ar,
r∑
i=1
ai〉Z = 〈2a1, . . . , 2ar−1,
r∑
i=1
ai〉Z .
Moreover, writing the sum
∑r
i=1 vi in the form
∑r
i=1 vi = x + ι∗(x), one
has x · ι∗(x) ≡ s (mod 2), where s is the Comessatti characteristic of the
pair (H1(C,Z), ι∗).
The torus Pic0(C) can be identified with the quotient H1(C,O)/H1(C,Z), where
H1(X,Z) is embedded in H1(X,O) via the composition
H1(C,Z) ≃−→ 2πiH1(C,Z) →֒ iH1(C,R) →֒ H1(X,C) p
0,1
−−−→ H0,1(C) = H1(C,O) ,
and the Real structure ιˆ corresponds to the Real structure defined by the involution
−ι∗ : H1(C,Z) → H1(C,Z) on this quotient. We can now conclude with the
following theorem, which describes the image of the ιˆ-Real line bundle (Lκ, ˜ˆι) on
Pic0(C) as element in the fiber product
Alt2(H1(C,Z),Z)(ι
∗)∗ ×Hom((id−ι∗)H1(C,Z),Z2) Hom(H1(C,Z)−ι
∗
,Z2)
appearing in our classification Theorem 3.12.
Theorem 4.10. The element
cw0([Lκ, ˜ˆι]) ∈ Alt2(H1(C,Z),Z)(ι∗)∗ ×Hom((id−ι∗)H1(C,Z),Z2) Hom(H1(C,Z)−ι
∗
,Z2)
is the pair (uC , wκ), where wκ : H
1(C,Z)−ι
∗ → Z2 is defined as the unique exten-
sion of fuC : (id− ι∗)H1(C,Z)→ Z2 which satisfies the equalities
(16) wκ([Ci]
∨) = 〈w([κ]), [Ci]2〉+ 1 (mod 2) .
Proof. Recall that wκ : H
1(C,Z)−ι
∗ → Z2 is given by the Stiefel-Whitney class of
the restriction L˜ˆικ T0 of the real line bundle L
˜ˆι
κ to the standard connected component
T0 of Pic
0(C)ιˆ. Lκ possesses a Hermitian-Einstein metric h, which is ˜ˆι-anti-unitary.
Therefore the Hermitian-Einstein connection Aκ on Lκ is compatible with ˜ˆι, and
hence the Stiefel-Whitney class of L˜ˆικ is given by the holonomy of this connec-
tion along loops contained in Pic0(C)ιˆ (see Remark 3.8). On the other hand, by
Theorem 4.1 we can read off the factor of automorphy (and hence the holonomy
along standard loops) of a Yang-Mills connection gauge equivalent to Aκ from the
canonical factor of automorphy of Lκ.
We apply now Proposition 4.2 which computes this factor of automorphy in terms
of Mumford’s theta form qκ and Theorem 4.3 which gives a geometric interpretation
for qκ([Ci]
∨). This proves that wκ([Ci]
∨) = 〈w([κ]), [Ci]〉 + 1, as claimed. On the
other hand we know, by the results in section 3.3, that wκ extends fuC . Finally,
by Corollary 4.9 the classes [Ci]
∨ generate H1(C,Z)−ι
∗
modulo the subgroup (id−
ι∗)H1(C,Z) of trivial anti-invariants, so (16) determines the extension wκ.
Remark 4.11. (1) The intersection 〈[C1]∨, . . . , [Cr]∨〉 ∩ (id − ι∗)H1(C,Z) is
not trivial (see Corollary 4.9). The map fuC agrees with the map defined
by the right hand side of (16) on the intersection. This follows from our
results, but can also be checked directly.
(2) Using Theorem 4.10 and the difference formula given by Proposition 3.9 we
get the Stiefel-Whitney classes of the restrictions of the real line bundle L˜ˆικ
to all connected components of Pic0(C)ιˆ.
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4.3. Real determinant line bundles. Let (C, ι) be a Klein surface with Cι 6=
∅. We have seen that ι induces a Real structure (anti-holomorphic involution)
ιˆ : Pic(C)→ Pic(C) on the Picard group of C by
ιˆ([L]) = [ι∗(L¯)] .
This involution leaves the degree invariant, so it induces an anti-holomorphic in-
volution on any connected component Picd(C). The geometric theta divisor Θ ⊂
Picg−1(C) defines a ιˆ-invariant holomorphic line bundle OPicg−1(C)(Θ).
For every degree d ∈ Z we denote by ˆˆι the anti-holomorphic involution induced
by ιˆ on Pic(Picd(C)). Note that ˆˆι maps Picc(Picd(C)) onto Pic−ιˆ
∗(c)(Picd(C)) for
every Chern class c ∈ NS(Picd(C)).
For every λ ∈ Picg−1(C) we denote by Θ − λ ⊂ Pic0(C) the (−λ)-translate of
the geometric theta divisor Θ, and we denote by
Lλ := OPic0(C)(Θ − λ) = (τλ)∗OPicg(C)(Θ)
the corresponding line bundle on Pic0(C). The Chern class of Lλ is the element
of H2(Pic0(C),Z) = Alt2(H1(C,Z),Z) defined by the cup form uC of C. The
assignment λ 7→ [Lλ] defines a holomorphic map
ϕ : Picg−1(C)→ PicuC (Pic0(C)) .
Note that −ιˆ∗(uC) = uC , so the involution ˆˆι leaves PicuC (Pic0(C)) invariant.
Lemma 4.12. The map ϕ : (Picg−1(C), ιˆ) → (PicuC (Pic0(C)), ˆˆι) is an isomor-
phism of Real complex manifolds.
Proof. For an element λ0 ∈ Pic0(C) one has
ϕ(λ0 ⊗ λ) = τ∗λ0⊗λ[OPicg(C)(Θ)] = τ∗λ0τ∗λ [OPicg(C)(Θ)] = τ∗λ0ϕ(λ) ,
which shows that ϕ commutes with the natural Pic0(C)-actions on Picg−1(C) and
PicuC (Pic0(C)). The first manifold is obviously a Pic0(C)-torsor, whereas the sec-
ond is a Pic0(C)-torsor because uC is a principal polarization of the torus Pic
0(C)
(see [5], p. 36-37). This proves that ϕ is an isomorphism. On the other hand note
that the Real structure ˆˆι induced on
∐
d∈Z Pic(Pic
d(C)) by ιˆ satisfies the identity
ˆˆι(τ∗λ([L )]) = τ
∗
ιˆ(λ)(
ˆˆι([L ]) .
Since Θ is ιˆ-invariant, it follows that the holomorphic line bundle OPicg−1(C)(Θ) is
ˆˆι-invariant, so for any λ ∈ Picg−1(C) one has
ϕ(ιˆ(λ)) = τ∗ιˆ(λ)[OPicg(C)(Θ)] = τ∗ιˆ(λ)(ˆˆι([OPicg(C)(Θ)]) = ˆˆι
(
τ∗λ [OPicg−1(C)(Θ)]
)
= ˆˆι
(
τ∗λ [OPicg−1(C)(Θ)]
)
= ˆˆι(ϕ(λ)) ,
which proves that ϕ is Real.
We are interested in the induced bijection
π0(ϕ) : π0(Pic
g−1(C)ιˆ) −→ π0(PicuC (Pic0(C))ˆˆι) .
We know by Proposition 2.12 that π0(Pic
g−1(C)ιˆ) can be identified via the map
FC with the subset of H1Z2(C, S1(1)) consisting of isomorphism classes of ι-Real
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Hermitian line bundles (L, ι˜) with deg(L) = g − 1. Using Theorem 2.8 we see that
this subset can be identified with
H1(Cι,Z2)g−1 := {w ∈ H1(Cι,Z2)| degZ2(w) = g − 1 (mod 2)} .
The composition of these identifications yields a bijection
wg−1C : π0(Pic
g−1(C)ιˆ)→ H1(Cι,Z2)g−1
which can be explicitly described as follows: for a ιˆ-invariant holomorphic line
bundle L of degree g − 1, we consider an anti-holomorphic ι-Real structure ι˜ on
L. Then wg−1C maps the connected component of [L] in Picg−1(C)ιˆ to w1(Lι˜) ∈
H1(Cι,Z2)g−1.
Similarly, the set π0(Pic
uC (Pic0(C))
ˆˆι) can be identified via the map FPic0(C)
with the subset of the group H1
Z2
(Pic0(C), S1(1)) consisting of ιˆ-Real Hermitian
line bundles (M, ˜ˆι) on Pic0(C) with c1(M) = uC . Therefore, using the results in
section 3.3, we see that the set of ιˆ-Real Hermitian line bundles (M, ˜ˆι) on Pic0(C) =
H1(C,O)/H1(C,Z) with c1(M) = uC can be identified with
W (uC) = {w ∈ Hom(H1(C,Z)−ι∗ ,Z2)| w (id−ι∗)H1(C,Z) = fuC} .
Note that the condition w (id−ι∗)H1(C,Z) = fuC simply means
(17) w(λ− ι∗(λ)) = 〈λ, ι∗(λ)〉 (mod 2) ∀λ ∈ H1(C,Z) .
Composing these identifications we obtain a bijection
wuC
Pic0(C)
: π0(Pic
uC (Pic0(C))
ˆˆι)→ W (uC)
which can be explicitly described as follows: for a ˆˆι-invariant holomorphic line bun-
dle M on Pic0(C) with Chern class uC consider an anti-holomorphic ιˆ-Real struc-
ture ˜ˆι onM. Then wuC
Pic0(C)
maps the connected component of [M] in PicuC (Pic0(C))ˆˆι
to w1(M˜ˆι T0), where T0 denotes (as in section 3.3) the standard connected compo-
nent of the fixed point locus Pic0(C)ιˆ.
Concluding, we obtain a diagram
(18)
π0(Pic
g−1(C)ιˆ)
≃
−→
pi0(ϕ)
π0(Pic
uC (Pic0(C))
ˆˆι)
≃ ↓ wg−1C ≃ ↓ wuCPic0(C)
H1(Cι,Z2)g−1
Φ
99K W (uC)
with a bijective upper horizontal arrow and bijective vertical arrows.
Proposition 4.13. The induced bijection Φ : H1(Cι,Z2)g−1 →W (uC) is given by
the following rule:
For every w ∈ H1(Cι,Z2)g−1, the element Φ(w) ∈ W (uC) is the unique exten-
sion of fuC satisfying the equalities
Φ(w)([Ci]
∨) = 〈w, [Ci]2〉+ 1 ,
where C1, . . . Cr are the connected components of C
ι.
Proof. Let w ∈ H1(Cι,Z2)g−1 and let Γ := (wg−1C )−1(w) ∈ π0(Picg−1(C)ιˆ) be the
corresponding connected component of Picg−1(C)ιˆ. We know that any connected
component of Picg−1(C)ιˆ contains 2g Real theta characteristics (see [10] p. 169),
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in particular we can find a Real theta-characteristic κ ∈ Γ. Using the notations of
section 4.2 we can write w = w(κ).
Note now that ϕ(κ) = [Lκ], where Lκ := OPic0(C)(Θκ) is the holomorphic line
bundle associated with the divisor Θκ (see section 4.2).
Therefore π0(ϕ)((w
g−1
C )
−1(w)) is the connected component of [Lκ] in the fixed
point locus PicuC (Pic0(C))
ˆˆι, and Φ(w) is the element of W (uC) defined by the
Stiefel-Whitney class of L˜ˆικ T0 , where ˜ˆι is the standard ιˆ-Real structure of Lκ (see
section 4.2), and where T0 is the standard connected component of the fixed point
locus Pic0(C)ιˆ. It suffices to apply Theorem 4.10.
Corollary 4.14. Let p0 ∈ Cι. Then ξ := [OC((g − 1)p0)] ∈ Picg−1(C)ιˆ, and
cw0([Lξ, ˜ˆι]) ∈ Alt2(H1(C,Z),Z)(ι
∗)∗ ×Hom((id−ι∗)H1(C,Z),Z2) Hom(H1(C,Z)−ι
∗
,Z2)
is (uC , wp0), where wp0 ∈ W (uC) is the unique extension of fuC satisfying the
equalities:
wp0([Ci]
∨) =
{
1 if p0 6∈ Ci
g (mod 2) if p0 ∈ Ci
Note that for ξ := [OC((g − 1)p0)] ∈ Picg−1(C)ιˆ the Real line bundle (Lξ, ˜ˆι) is
just the Real line bundle OPic0(C)(Θ− [OC((g−1)p0)]) considered in section 1. Ac-
cording to Proposition 1.11 the Stiefel-Whitney of the associated real line bundle on
Pic0(C)ιˆ controls the orientability of the components of Sd(C)ι (for d > 2(g − 1)).
Therefore Corollary 4.14 together with the difference formula given by Proposition
3.9 solves completely the orientability problem formulated in section 1.3.
We conclude with our final result which solves completely the problems formu-
lated in the introduction and in section 1 about Real determinant line bundles of
families of Dolbeault operators:
Theorem 4.15. Let (C, ι) be a Klein surface with Cι 6= ∅, L a differentiable line
bundle of degree d on C, and [κ] ∈ Picg−1(C)ιˆ a Real theta characteristic. Fix a
point p0 ∈ Cι, denote by δLp0 , ∂¯κ,p0 the corresponding families of Dolbeault operators
parameterized by Picd(C) and Pic0(C) respectively, and by det ind δLp0 , det ind ∂¯κ,p0
the corresponding determinant line bundles endowed with the ιˆ-Real structures given
by Remarks 1.4, 1.6.
(1) The element
cw0([det ind ∂¯κ,p0 ]) ∈
Alt2(H1(C,Z),Z)(ι
∗)∗ ×Hom((id−ι∗)H1(C,Z),Z2) Hom(H1(C,Z)−ι
∗
,Z2)
is (uC , wκ), where wκ : H
1(C,Z)−ι
∗ → Z2 is the element of W (uC) defined
as the unique extension of fuC : (id − ι∗)H1(C,Z) → Z2 satisfying the
equalities
wκ([Ci]
∨) = 〈w(κ), [Ci]〉+ 1 (mod 2) .
(2) Let τOC(dp0) : (Pic
0(C), ιˆ) → (Picd(C), ιˆ) be the isomorphism of Real com-
plex manifolds defined by tensorizing with OC(dp0). Then the element
cw0([
{
τOC(dp0)
}∗
(det ind δLp0)]) ∈
Alt2(H1(C,Z),Z)(ι
∗)∗ ×Hom((id−ι∗)H1(C,Z),Z2) Hom(H1(C,Z)−ι
∗
,Z2)
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is (uC , wp0), where wp0 ∈ W (uC) is the unique extension of fuC satisfying
the equalities:
wp0([Ci]
∨) =
{
1 if p0 6∈ Ci
g (mod 2) if p0 ∈ Ci
Proof. 1. This follows Remark 1.5 and Theorem 4.10.
2. This follows Remark 1.6 and Corollary 4.14.
Example: Let (C, ι) be a Real curve of genus 1 with a(C, ι) = 0 and r = 2. Let C1,
C2 be the two connected components of C
ι, and let Γ be an ι-invariant embedded
circle such that ι Γ is orientation reversing, [C1] · [Γ] = 1 and H1(C,Z) = 〈[C1], [Γ]〉.
The induced involutions on H1(C,Z), H
1(C,Z) are given by
ι∗([C1]) = [C1] , ι∗([Γ]) = −[Γ] , ι∗([C1]∨) = −[C1]∨ , ι∗([Γ]∨) = [Γ]∨.
Identifying Pic0(X) with H1(C,OC)/H1(C,Z) ≃ [H1(C,Z) ⊗Z R]/H1(C,Z) we
see that the involution ιˆ defined in the introduction is the R-linear extension of
−ι∗ : H1(C,Z)→ H1(C,Z). Therefore
Pic0(C)ιˆ = T0 ∪ T1 where T0 := R[C1]∨/Z[C1]∨, T1 := 1
2
[Γ]∨ + T0 .
Using the notations and ideas of section 1.3 we compute the Stiefel-Whitney
class w1((det ind δ
L
p0)
˜ˆιd) using the identification
{
τOC(dp0)
}∗
: Picd(C) → Pic0(C),
Remark 1.5 and Corollary 4.14. Denoting by T ′0, T
′
1 the images of T0, T1 in Pic
d(C)ιˆ
we obtain
w1
(
(det ind δLp0)
˜ˆιd
T ′0
)
([C1]
∨) = 1 ,
and using the difference formula Proposition 3.9 we get
w1
(
(det ind δLp0)
˜ˆιd
T ′1
)
([C1]
∨) = 1 + uC([Γ]
∨, [C1]
∨]) = 0 .
By Proposition 1.11 proved in section 1.3 we conclude
Proposition 4.16. Let (C, ι) be a Real curve of genus 1 with a(C, ι) = 0 and r = 2,
and let d ≥ 2. Then Sd(C)ι has two connected components Sd(C)ιT ′0 , S
d(C)ιT ′1
.
When d is odd, both components are non-orientable. If d is even, Sd(C)ιT ′0
is non-
orientable and Sd(C)ιT ′1
is orientable.
For instance, when d = 2 the first component Sd(C)ιT ′0
is obtained from C/〈ι〉 ≃
[0, 1]×S1 by gluing two Mo¨bius bands along the two boundary components, so it is
non-orientable. The second component Sd(C)ιT ′1
is just C1×C2, so it is orientable.
5. Appendix
Identities for the Stiefel-Whitney numbers of
Real vector bundles
Let (X, ι) be a closed, connected, oriented differentiable n-manifold endowed
with an involution ι, Xι the fixed point locus of ι, and let (E, ι˜) be a ι-Real vector
bundle of rank r on X . We denote by RE the underlying real bundle of E, and by
E ι˜ the fixed point locus of ι˜, regarded as a real bundle of rang r on Xι.
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Remark 5.1. Let X ⊃ Y θ−→ Xι be the projection (with Z2-invariant fibers) of a
sufficiently small tubular neighborhood Y of Xι. Then the restriction (E, ι˜) Y can
be identified with θ∗(E ι˜)⊗ C endowed with the involution defined by conjugation.
Proof. The map of Z2-spaces θ : Y → Xι is a Z2-homotopy equivalence, so the
result follows from [2].
Suppose n is even, and let c = Πri=1c
ki
i be a Chern monomial of degree 2
∑
iki =
n, and let w = Πri=1w
ki
2i be the corresponding Stiefel-Whitney monomial. We will
show that the Stiefel-Whitney number
〈w(RE), [X ]2〉 ≡ 〈c(E), [X ]〉 (mod 2)
can be computed by a polynomial expression in the Stiefel-Whitney classes of the
real bundle E ι˜ over Xι and of the normal bundle of Xι in X .
Consider the (n+1)-dimensional fiber product Q := X×Z2 S1, where Z2 acts on
X via ι and on S1 via the antipodal involution. This fiber product can be regarded
as the total space of the locally trivial bundle p : Q → P1
R
with fiber X associated
with the principal Z2-bundle S
1 → P1
R
. By definition Q can be also regarded as the
base of a principal Z2-bundle q : X × S1 → X . We define a Z2 = {±1}-action on
Q by
(−1) · [x, x0, x1]) := [x, x0,−x1] = [ι(x),−x0, x1] .
This action lifts the Z2-action on P
1
R
induced by the standard orientation reversing
reflection with fixed points 0 = [1, 0], ∞ = [0, 1] ∈ P1
R
. Q decomposes as a union
of two Z2-invariant open set Q0 ⊃ p−1(0), Q∞ ⊃ p−1(∞) both diffeomorphic to
X × R via the maps
(x, x1)
j07→ [x, 1, x1] , (x, x0) j∞7→ [x, x0, 1] .
The induced actions on X × R are
(x, x1) 7→ (x,−x1) , (x, x0) 7→ (ι(x),−x0) .
The fixed point locus QZ2 of the Z2-action on Q decomposes as
QZ2 = QZ20 ∪QZ2∞ ,
where QZ20 = p
−1(0) is naturally isomorphic with X , and QZ2∞ ⊂ p−1(∞) can be
identified with Xι. The normal bundle of QZ20 ≃ X in Q is X × R(1) (trivial line
bundle with the Z2-action induced by −id), whereas the normal bundle of QZ2∞ ≃ Xι
in Q is NXι/X(1)× R(1).
Let U := U0
∐
U∞ be an open Z2-equivariant tubular neighborhood of Q
Z2 . The
quotient
W := [Q \ U ]/Z2
is a compact manifold with boundary
∂W = X
∐
PR(NXι/X ⊕ R)
consisting of X and of the real projectivization of the normal bundle of Xι in Q.
The bundle p∗1(RE) on X ×S1 comes with an obvious Z2-action and descends to Q
via q, because q is the quotient with respect to a free Z2-action. The total space of
the descended bundle is the fiber product F = E ×Z2 S1, where Z2 acts on E via
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ι˜. The pull-backs j∗0 (F ), j
∗
∞(F ) can both be identified with p
∗
X(E) = E × R. The
Z2-action on Q can be lifted to F using the formula
(−1) · [e, x0, x1]) := [e, x0,−x1] = [ι˜(e),−x0, x1] ,
and the induced actions on j∗0 (F ) = E × R, j∗∞(F ) = E × R are
(e, x1) 7→ (e,−x1) , (e, x0) 7→ (ι˜(e),−x0) .
Using this lift we see that the restriction F Q\U descends to W . Using the
identifications QZ20 = X , Q
Z2
∞ = PR(NXι/X⊕R), denoting by χ the tautological real
line bundle on this projective bundle, and by π the projection PR(NXι/X⊕R)→ Xι,
we see that the restrictions of the obtained bundle F¯ to the two parts of ∂W are
F¯
Q
Z2
0
= E , F¯ QZ2
∞
= π∗(E ι˜)⊕ [π∗(E ι˜)⊗ χ] .
For the second formula we used Remark 5.1 and the obvious R-isomorphism of
Z2-bundles E
ι˜ ⊗ C ≃ E ι˜ ⊕ E ι˜(1).
Applying the Whitney formula one can decompose:
w
(
π∗(E ι˜)⊕ [π∗(E ι˜)⊗ χ]) = a0w1(χ)n + ∑
0<ij≤n
aijw
j
i (π
∗(E ι˜))w1(χ)
n−ij .
Suppose that Xι has constant codimension k at any point, and denote by η the
real (k+1)-bundle NXι/X ⊕R on Xι. Note that wi(η) = wi(NXι/X), in particular
wk+1(η) = 0. We have
π∗(w1(χ)
k+l) = sl(η),
where s(η) =
∑∞
l=0 sl(η) = w(η)
−1. Hence we obtain
π∗
{
w
(
π∗(E ι˜)⊕ [π∗(E ι˜)⊗ χ])} = a0sn−k(η) + n−k∑
l=1
∑
ij=l
aijw
j
i (E
ι˜)sn−k−l(η) .
Regarding W as a homology equivalence between its boundary parts X and
PR(NXι/X ⊕ R), and using the identity
〈σ, [PR(NXι/X ⊕ R)]2〉 = 〈π∗(σ), [Xι]2〉
we get the following localization formula:
Theorem 5.2. Let (X, ι) be a closed, connected, oriented differentiable n-manifold
endowed with an involution ι, Xι the fixed point locus of ι, and let (E, ι˜) be a ι-Real
vector bundle of rank r on X. Then for every Chern monomial c of degree n with
corresponding Stiefel-Whitney monomial w we have
〈w(RE), [X ]2〉 =
〈
a0sn−k(NXι/X) +
n−k∑
l=1
∑
ij=l
aijw
j
i (E
ι˜)sn−k−l(NXι/X), [X
ι]2
〉
.
Example: n = 2, k = 1, w = w2. In this case one has:
w2
(
π∗(E ι˜)⊕ [π∗(E ι˜)⊗ χ]) = w1(π∗(E ι˜))(w1(π∗(E ι˜))+rw1(χ))+w2(π∗(E ι˜)⊗χ)+
+w2(π
∗(E ι˜)) = w1(π
∗(E ι˜))w1(χ) +
r(r − 1)
2
w21(χ) + w1(π
∗(E ι˜))2 =
= w1(π
∗(E ι˜))w1(χ) +
r(r − 1)
2
w21(χ) .
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Here we used have the general formula:
w2(F ⊗ χ) = w2(F ) + (r − 1)w1(F )w1(χ) + r(r − 1)
2
w21(χ) .
Therefore
Corollary 5.3. Let (E, ι˜) be a ι-Real vector bundle of rank r on a closed Real
2-manifold (X, ι) with Xι of codimension 1. Then
〈w2(RE), [X ]2〉 = 〈w1(E ι˜) + r(r − 1)
2
w1(NXι/X), [X
ι]2〉 .
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